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7 On the wave optics effect on primordial black hole con-
straints from optical microlensing search by Sugiyama,
Sugiyama, Toshiki, Masahiro

Abstract

Microlensing of stars, e.g. in the Galactic bulge and Andromeda galaxy (M31), is
among the most robust, powerful method to constrain primordial black holes (PBHs) that
are a viable candidate of dark matter. If PBHs are in the mass range Mpgy < 10710M, its
Schwarzschild radius (rsc,) becomes comparable with or shorter than optical wavelength
(A) used in a microlensing search, and in this regime the wave optics effect on microlensing
needs to be taken into account. For a lensing PBH with mass satisfying rsen, ~ A, it causes a
characteristic oscillatory feature in the microlensing light curve, and it will give a smoking
gun evidence of PBH if detected, because any astrophysical object cannot have such a
tiny Schwarzschild radius. Even in a statistical study, e.g. constraining the abundance of
PBHs from a systematic search of microlensing events for a sample of many source stars,
the wave effect needs to be taken into account. We examine the impact of wave effect on
the PBH constraints obtained from the r-band (6210A) monitoring observation of M31
stars in Niikura et al. (2019), and find that a finite source size effect is dominant over the
wave effect for PBHs in the mass range Mppgy ~ [10*11, 10*10]M@. We also discuss that,
if a denser-cadence (10 sec), g-band monitoring observation for a sample of white dwarfs
over a year timescale is available, it would allow one to explore the wave optics effect on
microlensing light curve, if it occurs, or improve the PBH constraints in Mppp < 10~ M
even from a null detection.

7.1 Introduction

The nature of dark matter (DM) is one of the most tantalizing problems in cosmology and
physics. Unknown stable elementary particle(s) beyond the Standard Model of Particle Physics,
the so-called Weakly Interacting Massive Particle(s) (WIMP), has been thought of as a viable
candidate of DM, but has yet to be detected either in direct experiments, collider experiments,
or indirect searches |e.g. 20, 18, 4]. Primordial black holes (PBHs) [17, 8| are alternative, viable
candidate of DM [11, 9, 34]. Recently the PBH DM scenario has got attention again, partly
because of recent claims that PBHs of 100 mass scales can be progenitors of binary black
holes whose gravitational wave have been detected by the LIGO/Virgo experiment [e.g. 33, 7].

Given these growing interests, there are many observational attempts to search for or con-
strain PBHs of various mass scales [10, 12, 19, 35]. Gravitational microlensing is the most
powerful, robust method of constraining PBHs [32, 15|, because it is a gravitational effect and
can probe mass of a lensing compact object, if detected, regardless of whether or not the lensing
object is visible [6, 3, for future prospects|. In such a microlensing search we should keep in
mind a discovery potential: if we have an even single, secure candidate of microlensing event
indicating a mass scale of M < a few M and if the counter object is confirmed as a black
hole (or extremely invisible object) based on any follow-up, deep observation in various wave-
lengths, it can be a smoking gun evidence of PBH because any supernova explosion or other
astrophysical process cannot make such a light-mass BH of < a few M. The pioneer work
was done by the MACHO and EROS experiments that used monitoring observations of stars in
the Large Magellanic Cloud to search for microlensing events and then obtained upper bounds
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on the abundance of compact objects over a wide range of mass scales M ~ [1077, 10] M,
[1, 2, 39]. This constraint was recently updated in Niikura et al. [31] that used the public
OGLE microlensing events [25].

Niikura et al. [30], where authors of this paper are co-authors, used the new wide-field
prime-focus camera at the 8.2m Subaru telescope, Hyper Suprime-Cam (HSC), to carry out
very dense cadence observation (2 min cadence) of the Andromeda galaxy (hereafter M31).
Thanks to the wide field-of-view and large aperture of HSC/Subaru, they were able to monitor
many stars in M31 (about 770 kpc in distance or 24.4 mag for the distance modulus) and to
search for microlensing events of much shorter timescales than previously done. They found
one possible PBH microlensing event compared to the theoretically-expected number of events
up to 1000 events if PBHs make up all DM in the Milky Way and M31 halo regions. The
results were then translated into most stringent upper bounds on the abundance of PBHs over
the range of mass scales, Mppg ~ [107'1,1077] M. As discussed in Niikura et al. [30], there
is a fundamental limitation to constrain PBHs in M < 107''M, from an optical microlensing
search, due to the finite source size effect and the wave optics effect [see 21, 5, for similar
discussion)].

There are several earlier works discussing the wave optics effect on gravitational lensing
[36, 14, 27, 28, 38, 24, 26]. These considered lensing of gamma-ray burst or gravitational
waves, which are in much shorter or longer wavelengths than optical light. If PBHs are lighter
than 1071°M, the Schwarzschild radius becomes comparable with or even shorter than optical
wavelengths, then we cannot ignore the wave optics effect on microlensing due to interference
and diffraction effects. In an extreme case even a PBH, e.g. if lighter than 10~'* M, cannot
bend the path of optical light from a star. The HSC/Subaru data of M31 was the first kind of
data to realize that the wave optics effect can be important for optical microlensing observation.

Hence the purpose of this paper is to study the effect of wave optics on the optical mi-
crolensing search, with particular focus on the Subaru HSC M31 data in Niikura et al. [30]. For
comprehensiveness, we also study the effect of finite source size on microlensing [40, 13]'. The
wave effect itself for optical microlensing is quite interesting because it gives a direct evidence
of PBH, if the effect is measured from the microlensing light curve even for a single event, be-
cause any astrophysical object cannot have such a tiny Schwarzschild radius (their physical size
is bigger than the light wavelength). After carefully studying the two effects on microlensing
light curve, we will discuss how these affect the microlensing constraints on the abundance of
PBHs in such a light mass range. Our study will give a more quantitative study of the results
in Niikura et al. [30]. We will also discuss how these constraints can be improved by using a
bluer optical data, such as g-band data, than used in Niikura et al. [30], because the wave effect
would be smaller in shorter wavelengths.

The structure of this paper is as follows. In Section 7.2 we review the effects of wave optics
and finite source size on microlensing in optical wavelengths. In Section 7.3, we discuss the
implications of wave effect and finite source size effect on the PBH constraints obtained from
the Subaru HSC microlensing search of stars in M31. In Section 7.4 we will give a discussion
of how the optical microlensing constraints on PBHs can be improved if a microlensing search
based on bluer-filter data (g-band filter) is used. We then give conclusion in Section 11.8.
Throughout this paper we adopt the natural units, ¢ = 1 (¢ is the speed of light).

'Matsunaga & Yamamoto [24] also studied both effects of wave optics and finite source size on gravitational
lensing phenomena, but their study is more general, and did not discuss the consequences for optical microlensing
search
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7.2 The wave optics and finite source size effects on PBH microlensing

In this section, we review the effects of wave optics effect and finite source size on PBH
microlensing, following the papers [27, 38, 24|

7.2.1 Microlensing basics for a point source

The characteristic angular scale of microlensing for a star in M31 due to a PBH is the
Einstein radius on the sky [32] [also see 36, 23]:

Ry,
Op = —
E i
~ 103 yas Mesn Y (ds TV 1-a\Y (7.1)
o a 10710M® dMgl T 7 .

where Rg is the Einstein radius defined as

d
RE = \/4GMPBHdL <1 — d—L), (72)
S

di, and dg are distances to a lensing PBH and a source star, respectively, Mpgy is the PBH
mass, and x = di/ds. We assume that a source star is at the distance to M31 for which we
assume dy3; = 770 kpe, and plugged in Mppy = 1071°M,, into the above equation as a working
example. If a source star is closer than fg in separation from a lensing PBH on the sky, the
source star is multiply imaged by its lensing. However, as implied by the above equation, the
separation between multiple images is too small to be resolved by an optical telescope — this
phenomena is “microlensing”. What is observed instead is a magnification of the total flux of
two images relative to that of the original single image. The microlensing magnification for a
point source, under the geometrical optics approximation (i.e. when ignoring the wave optics
effect), is given as

2
AP (y) = U—H7
uvu? +4
where u is the dimension-less impact parameter between lens and source in units of the Einstein
radius, the subscript “nw” denote no wave effect, and the superscript “p” denotes point source.
If u < 1, a source star is multiply imaged, and the total magnification A > 1.34 (i.e. the
observed flux is brightened by a factor of 1.34 compared to the original brightness), which we
will often consider a clear event of microlensing phenomena to be detected in the following.
Because a PBH and a source star have a relative motion with respect to an observer, it causes
the observed flux of a source star to vary with observation epoch (time), leading a characteristic
light curve of the observed star flux. In this way a microlensing event can be identified from
the observation and is distinguishable from other variable stars, as done in many experiments
le.g. 2, 39, 37, 25]. A typical timescale of the microlensing light curve can be estimated from a
crossing time of the Einstein radius for a lensing PBH with respect to a source star:
Ry

tEE—
v

M 1/2 -1
~ 9.8 min PRI Y
10-10M, 200 km/s

x(ds)uaﬂl—@fm, (7.4)

dMSl

(7.3)
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where v is the relative velocity for a observer-lens-source system [30]. Here we assumed v =
200 km/s for a typical velocity of PBH in the halo regions of Milky Way and M31 as implied by
their rotation curves (any object following the gravity in the Milky Way and M31 halo regions
should have a similar velocity structure). More exactly speaking, the velocity relevant for a
microlensing light curve is the velocity component on the two-dimensional plane perpendicular
to the line-of-sight direction, and one needs to take into account variations in the velocity
component in the plane, as well as the dependence of lens distance. For this reason, the
timescale of light curve even for a fixed mass PBH has a wide distribution [30]. Nevertheless,
the above equation implies that the light curve timescale is sensitive to a mass of lensing object;
a PBH of 1071°M,, mass scales would give a minute timescale, while a lensing object of solar
mass scales would give a few months timescale for its light curve, e.g. as shown in MACHO
experiment [2|. In other words, if we can identify a secure microlensing event that has a very
short timescale such as minute timescale, it would be a smoking gun detection of light-mass
PBH such as 107!°M,, because any astrophysical processes cannot produce a compact object
of such small mass scales.

7.2.2 Effect of wave optics

If the Schwarzschild radius of a lensing object is sufficiently larger than the wavelength
of light used in a microlensing observation, the microlensing event is well described by “geo-
metrical optics approximation” [36]. On the other hand, if the Schwarzschild radius becomes
comparable with or shorter than the light wavelength, we need to take into account the wave
optics effect (interference and diffraction effects) on the lensing magnification. In the following,
we briefly review the wave optics effect on microlensing for a point source, following Takahashi
& Nakamura [38].

The wave effect is characterized by the parameter “w”, defined as

o SWGMPBH
w=—
A
T'Sch Mppy A -
=4 = 5.98 = 7.5
LY (10—10M@> (6210A) ’ (75)

where 7gq, is the Schwarzschild radius of lensing PBH, and A is the characteristic wavelength
of light in an observation (here we assumed 6210Acorresponding to a central wavelength of
r-band in the Subaru telescope as our default choice). Once we fix the light wavelength, the
wave parameter depends only on the mass of PBH, so the wave effect is independent of the
distance of PBH. This is because wave effect is not a geometrical effect which depends on the
path of light, but rather a local effect around the lensing object.

The magnification including the wave optics effect, AP (w,u), is given in Schneider et al.

[36] [also see 27, 28, 38| as
1F1 3w, 1; 3qu
2 2

where 1 F} is the confluent hypergeometric function. The maximum magnification is realized
by setting the impact parameter u = 0:

2

, (7.6)

TWw
1 —e ™

AP (w,u) =

Tw

1 —emw’

Ap

w|max = AEV(U), 0) = (77)
where the subscript “w” denotes “wave effect”. From this equation we can find that, even if

microlensing occurs and if w < 1, the maximum magnification can be significantly reduced
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as AP| ~ 1+ mw/2 (A® = 1 means no lensing magnification) compared to A — oo in the
geometrical optics approximation case. This is because the gravitational potential induced by
the lightest PBH is too weak to bent the path of optical light.

When the wavelength becomes very short compared to the Schwarzschild radius of lensing
object, i.e. w > 1, the magnification under the geometrical optics approximation is realized:

uvu? + 4

2 1
sin [w {§uv u? + 4+ log

AP (w,u) — AP (w,u):
+ -
uvu? 44 }

geo

The second term of the above equation is a rapidly oscillatory function of u for a fixed w
(w > 1). In practice the second term averages out, i.e. is irrelevant in an actual observation, if
we consider a finite source size (see below) or if we consider a finite range of light wavelengths
in an optical filter and/or a finite exposure time of an observation. For this reason, the second
term is often ignored under the geometrical optics approximation, which becomes equivalent to
Eq. (7.3).

Fig. 7.1 compares lensing magnification taking into account wave optics with that of geomet-
rical optics approximation for a point source in M31. When wu 2 O(1), the two curves agree
with each other, which implies that the geometrical optics approximation holds valid. On the
other hand, when wu < O(1), the wave effect becomes significant, leading to less magnification
compared to the that of geometrical optics. This means that in the regime of wu < O(1) the
geometrical approximation is not valid. For wu < 1 as an extreme case, A> — 1, meaning no
magnification due to the wave optics effect.

Fig. 7.2 shows lensing magnification as a function of impact parameter u for PBHs of
different mass scales, assuming the optical wavelength A = 6000 A as in Fig. 7.1. For a
microlensing system we are interested in, the impact parameter is time-varying as given by
U = Upin + vt, where v is the relative velocity of lens-source-observer system (v is considered
constant for a microlensing phenomenon of interest), wy;, is the minimum separation between
lens and source, and t is time from the minimum separation. Therefore the curves in this
figure are equivalent to a light curve of microlensing as a function of observation time. As
expected from Fig. 7.1, the heavier the lens object is, more rapidly the lensing magnification
oscillates with u. This feature plays an important role when considering the effect of finite
source size. We also note the maximum lensing magnification has an asymptotic behavior at
u — 0: AP — constant, while the geometrical optics approximation (Eq. 7.3) gives AP — u~!
at u — 0 as explicitly shown by the dashed curve.

As obvious from Figs. 7.1 and 7.2, characteristic features of the wave optics effect on PBH
microlensing are oscillatory features in the light curve. If we can find any microlensing event,
even a single event, that shows such an oscillatory feature in its light curve from an opti-
cal observation, it would be a smoking gun evidence of PBH having light mass in the range
Mppy ~ [1071,10719] M, because any astrophysical, compact object cannot have such a tiny
Schwarzschild radius comparable with optical light wavelength (the physical size of any compact
object should be much greater than the wavelength). However, to detect such an oscillatory
feature in the light curve, we need a sufficiently dense cadence observation to well sample the
light curve. This requires a careful design of the observation strategy. Here the lower cut
1071 M, comes from the fact that there is no lensing effect for PBHs with masses below the
mass limit, because of too strong wave effect. Hence the wave effect in the optical microlensing
is worth to explore from an actual observation.

We have so far assumed a static spectrum of light, and implicitly assumed that light of
different paths due to lensing has an interference when taking into account the wave effect.

e u? 42

geo<w7 U) =

vut+4+u

T u (7.8)
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Figure 7.1: Lensing magnification of a point source, AP, as a function of the “wave parameter”,
w = 81 MppuG /A = 4nrse(Mppn)/A, where Mppy is a PBH mass, rgq, is its Schwarzschild
radius, and A is the wavelength of light used in a microlensing observation. For an optical-
wavelength observation, the w parameter in the z-axis can be read as PBH mass scale; the values
in the upper z-axis correspond to PBH masses for the r-band filter wavelength (A = 6000A).
For this plot, we fixed u = 1 for the impact parameter in units of the microlensing Einstein
radius, u = b/Rg = 1; it leads to A = 1.34 for the geometrical optics limit denoted by the
dashed curve. Although the curve has a rapid oscillation at w > 1, what is actually observed
is the averaged magnification, e.g. over a finite exposure time, which indeed gives A = 1.34.
The solid curve shows the result taking into account the wave effect. When w < 1, where the
wavelength becomes longer than the PBH Schwarzschild radius, the dashed and solid curves
start to deviate from each other, meaning that the wave effect becomes significant. It has an
asymptotic limit, A — 1 at w < 1, i.e. no lensing magnification due to the wave effect.

— 107%M,
— 10710\,
— 10710,

""" without wave

Magnification AP,

1073 102 101 100 10!

Impact parameter u

Figure 7.2: Lensing magnification of a point source as a function of the impact parameter u
for a lensing PBH of different mass scales. As in Fig. 7.1, we adopted A\ = 6000A for the light
wavelength. Each solid curve is equivalent to a light curve of microlensing, but in an actual
observation we need to take into account the average of magnification over a finite exposure
time and/or a finite range of wavelengths in a filter, which can be compared to the geometrical
optics limit (dashed curve). Each curve becomes flattened at small impact parameters due to
the wave effect. The maximum magnification at small impact parameters is lower for lighter-
mass PBHs due to more significant wave effect.
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Exactly speaking, a source might have a temporal variation in its flux, and this might prevent
such an interference. Here we comment on the temporal coherence in the lensing phenomena.

Since light from a star is a black-body radiation that is characterized by its surface temper-
ature (7T5), we can naively consider that a star is a static object, i.e. has no temporal variation
in the flux. Nevertheless we consider a possible shortest temporal variation or a possible shift
in its light frequency; such a shift might be from light in an absorption line of stellar spectrum,
which is caused by a motion of gas in the stellar atmosphere. Compared to this, a continuum
spectrum of a star can be safely considered static (i.e. much longer time variation). The short-
est timescale of such an absorption line can be estimated by the Doppler effect due to a thermal
motion of gas elements in the stellar surface [16], which causes a shift in the frequency of light
by Av/v >~ vy,

1
Te Av
A m \ M2 Ty ~1/2 A
~ 5 x 107 sec <—> <—> (—) , 7.9
Vth my 6000K 6210A (7.9)

where vy, is the velocity of gas elements in thermal equilibrium for which we assume mov3 /2 =
3T5/2, we considered the hydrogen mass (m,,) for gas element for simplicity, we assumed Ts =
6000 K for the surface temperature as in the Sun, and A is a typical wavelength in the r-band.
On the other hand, for microlensing, we want to consider an interference or superposition of
light rays that arrive at an observe after traveling along the two light paths that are bent by
a lensing PBH. The relevant timescale is a “time delay” that refers to as a difference in their
arrival time of the two light paths, given in Schneider et al. [36] as

M
~ —15
Atlens ~2.0x 10 sSec <m> K(U,), (710)

where

()——U\/F—i-l u+ ru

—Uu

(7.11)

Note K (u) ~ O(1) for v < 1 in the multiple image regime. From Egs. (7.9) and (7.11), we can
find Atjens < 7, meaning that the lensing time delay is much shorter than a possible temporal
variation of light from a source star even if we consider a light around an absorption line. Thus
we can safely consider a temporal coherence of a star light, and in other words we can safely
consider an interference of light in the microlensing case (the use of Eq. (7.6) is valid). We again
note that the Subaru r-band photometry mainly measures a portion of a continuum spectrum
in a black-body radiation of a star, which has much longer temporal variations, even if it has,
than the lensing time delay. Thus we can safely consider that Eq. (7.6) is valid for our study.

7.2.3 Effect of finite source size

The effect of finite source size on microlensing is characterized by the ratio of source size to
the Einstein radius on the sky [40]. We use the parameter p, to denote the ratio, defined as

fs _ Rs/ds
g Rg/dL

~ 5.9 Lis ds \ _Mesn_ R (7.12)
o R@ dM31 10_10M® 1—=x ’ ’

pe =
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where Rg is the finite source size for which we assumed the solar radius. If p, 2 1, the source
size effect becomes significant for the microlensing magnification. Even if p, ~ O(0.1), the
effect is not negligible as we will show below. Throughout this paper we mainly consider the
solar radius, Rg, for the source star size following Niikura et al. [30] that use a monitoring
observation of (mainly main-sequence) stars in M31 with Subaru/HSC. Even if the physical
source size is fixed, the the source size effect varies with the relative position of lensing PBH to
an observer, as given by p, o [z/(1 — z)]"/%; for a smaller z (a PBH closer to an observer), p,
becomes smaller. This means that the source size effect is stronger when a PBH is lighter or if
a PBH is nearer to the source.

To model the finite source size effect, we assume that a source star is a circular disk with
constant surface brightness. This is a simplified assumption, but is sufficient for our purpose.
Assuming that the source center is separated from a lensing PBH by « (i.e. the impact param-
eter between the source center and lens), we can compute the lensing magnification for such a
disk-shaped star from an average of the lensing magnification (Eq. 7.3) over the source disk:

Awp) == [y -y, (7.13)
TPk Jlyl<p.

where the integral variable y moves within the circular source disk of radius p,, we set the origin
(y = 0) to the source center, the superscript “f” in A’ denotes the “finite source size effect”,
and we set a lensing PBH to be located at u = (u, 0) due to symmetry of the circular disk star.
Note fly\ . d?y = wp2. When further taking into account the wave optics effect, we replace
AP in the above equation with AP (Eq. 7.6) and then perform the numerical integration to
obtain the magnification for a given set of parameters (u, p,, w).

Fig. 7.3 shows lensing magnification as a function of the impact parameter for different input
values of p, corresponding to different physical source sizes for a fixed PBH mass, Mpgy =
1071°M,. When taking into account the finite source size, the lensing magnification becomes
flattened at separations, u < p.. For p, = 0.1, the finite source size effect is not significant,
but not negligible. On the other hand, the finite source size effect smears out oscillatory
features in the light curve, because different points in a source (disk-like shape source) have
different phases in the wave optics effects of lensing magnification, and the oscillatory features
are averaged out when integrating the lensing magnification over the source region. Thus the
finite source size makes it difficult to extract an oscillatory feature in the microlensing light
curve. Nevertheless we should note that the finite source size effect depends on a lens distance;
the effect becomes relatively less important for a lensing PBH closer to an observer, while the
wave effect is independent of lens distance. This difference might help distinguish the wave
effect from an observed microlensing light curve.

7.2.4 Effect of exposure time average

For an actual observation of the PBH microlensing search, we need to further take into
account the effect of finite exposure time. Here an “exposure” time means a time duration
during which photons from a source star are collected and then the total number of photons
(more exactly electrons converted from the photons) in one exposure is stored into the hard
drive after closing a shutter of the camera. In the following we denote the exposure time as
texp-

We throughout this paper adopt te, = 90 sec as our fiducial parameter following the
observation in Niikura et al. [30]. The impact parameter of a given microlensing event would
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Figure 7.3: As in Fig. 7.2, but the solid curves show the lensing magnification when further
taking into account the finite source size effect in addition to the wave effect. Note that the
plotting range of y-axis is different in this plot from that in Fig. 7.2. We consider several cases
for the source size as given in the legend. The source size is defined in units of the Einstein
radius of a lensing PBH: e.g., p, = 1 corresponds to 65 = fg on the sky.

be changed during the exposure time by an amount of

Ulexp

Au ~
U R

v t
— .1 exp
015 <200 km/s) <90 Sec>

Mpga \ 2 ( ds \ 7 —1/2
—_ 1-— 7.14
X (10_10M®) dM31 (:E( x)) ? ( )

Thus what we can observe is the microlensing magnification averaged over the exposure time
or equivalently the interval Au around the fiducial point of u. Because of Au o v/Rg for a
fixed exposure time, the averaging effect is more significant when v is greater or Rp is smaller.
Hence the lensing magnification including the effect of a finite exposure time can be estimated
as

B 1 ut+Au/2
Au) = E/ du” A(u). (7.15)

—Au/2

More exactly speaking, however, the averaged magnification needs to be computed from a
given trajectory around the fiducial point u. In the above equation, we simply assume that the
trajectory is along the path towards the center of source star (i.e. the path with the minimum
impact parameter uy,;,, = 0). This is a simplified treatment, but is enough for our purpose. We
will use this equation to estimate the impact of finite exposure time on our results.

Now we come back to a question of whether the wave effect on the microlensing light curve
can be measured by a dense cadence of an observation such as that done in Niikura et al. [30],
where an imaging data of M31 was taken every 2 min (90 sec for exposure plus about 30 sec
readout of the data). Fig. 7.4 shows a simulated light curve for a typical case of microlensing for
such an observation. As can be found, an oscillatory feature due to the wave effect is difficult
to be captured because of the insufficient cadence.
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Figure 7.4: A simulated light curve for a microlensing due to a PBH with Mppy = 1072M,,
(left panel) and Mpgy = 107'°M,, (right panel), for a star in M31. Here we consider a case
that a lensing PBH is at distance dj, = 10 kpc, has a perpendicular velocity of 100 km/s, and
assume an observed wavelength of A = 6210Aas in the Subaru r-band and a solar radius for
a source star size, Ry = Ry, as a working example. In this case the wave effect parameter
w =59 (5.9) and the finite source size relative to the Einstein radius p. = 0.21 (0.66) for the
case of Mpgy = 107°M, (107°M,). Furthermore, we consider the discrete sampling effect
in a measurement of the light curve; we here assume a 2 min cadence meaning that the light
curve is sampled every 2 min as denoted by circle points. We here compare the results with
and without the wave effect. The lower panels show the ratio. An oscillatory feature in the
light curve due to the wave effect is difficult to be captured because of the finite source size
effect for Mppy = 1072 M, and exposure time average effect for 107° M, respectively.
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Figure 7.5: Comparison of the microlensing light curves for a point source or when taking into
account the finite source size effect and/or the wave optics effect. Here we consider Mppy =
10~ My, for the PBH mass. The vertical line denotes A = 1.34, which corresponds to a nominal
threshold of lensing magnification leading to a detection of the event in an observation. For this,
the vertical lines gives the impact parameter threshold, ur, corresponding to the magnification
threshold for each case. The lensing magnification A > 1.34 at u < wr.
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Figure 7.6: The impact parameter threshold ur as a function of PBH distance, where the lensing
magnification for a source star in M31 becomes greater than the detection threshold, A > 1.34
when u < ur as discussed in the previous figure. Note ur = 1 for a point source independently
of the lens distance. The different curves, as indicated by the legend at bottom, show the results
when taking into account the finite source size effect and/or the wave optics effect, for PBHs
of different mass scales as indicated. When PBHs are too light, no PBH can cause a detectable
microlensing due to the source size and wave effects. This is the case for Mppy = 107 2M,,
(ur = 0 for this case). The shaded region shows the differential contribution to the microlensing
optical depth showing how PBHs at each distance contribute the total optical depth (the
integrand of Eq. 7.16). The difference between the upper and lower plots is that, for the lower
panel, we include the effect of finite exposure time, 90 sec here; when computing a more realistic
light curve of microlensing, we compute the lensing magnification averaged over the exposure
time assuming a typical velocity of lensing PBH with respect to a source star at each distance
(for which we assume a velocity expected from the velocity dispersion of DM halo at each
distance). When PBHs become too light, the light curve has a rapid oscillatory feature as a
function of separation between lens PBH and source star as indicated in the previous figure, so
it causes a more significant average of the lensing magnification.
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7.3 Implications on the PBH constraints from the Subaru HSC mi-
crolensing search

In this section we study the impact of wave optics effect and finite source size effect on a
search of microlensing for source stars in M31 due to intervening PBHs that exist between the
Earth and M31, if PBHs make up DM in the Milky Way and M31 halo regions, by a certain
mass fraction. To do this we employ the parameters in Niikura et al. [30] to model the spatial
and velocity distributions of DM including PBHs in the Milky Way and M31 regions.

The optical depth of microlensing for a single source star in M31 due to PBHs is given as

Q ds d
TPBH = QPBH/ ddy, pDM—(L)WR%a (7.16)
0

DM

where a factor Qppy/Qpy gives the mass fraction of PBHs to DM that exists along the line-of-
sight direction in the Milky Way and M31 regions, and ppy(dy,) is the mass density distribution
of dark matter along the line-of-sight direction up to the source star. Here we assume a single
source plane; i.e. we assume that all source stars in M31 are at the same distance, which is a
good approximation because the spatial extent of stellar distribution in M31 (~ 10 kpc) is very
small compared to the distance of M31 (770 kpc). To model the spatial distribution of DM, we
employ Navarro-Frenk-White (NFW) models [29, 22| to reproduce the flat rotation curve for
each of the Milky Way or M31, respectively; we compute the total DM distribution ppy(7) by a
sum of the contributions of two NFW profiles at the distance of a lens from the Milky Way center
and the M31 center, respectively [see 30, for details|. Here, we simply included “microlensing”
events in consideration if lensing PBH and source star are separated by less than the Einstein
radius on the sky. Since R% oc Mpgg, the above optical depth does not depend on PBH mass.
In the following we will more carefully consider how the detection threshold for a microlensing
observation could be changed if taking into account the finite source size effect and/or wave
optics effect.

The differential event rate of PBH microlensing for a single source star in M31 is defined
[see Eq. 18 in 30] as

dr Q T(dL,MpBH)
PBH _,‘lpBH / ddy / dups
QDM

2

pou(dr) { v }
exp |— , 7.17
"V dL,MPBH) —2, Mepo2(d) . | v (dy) (=)

min

where v = 2Rp\/u? — u2;, /t. The units of dU'ppy/df is [events/hours/hours] giving the event
rate for a single star per unit observation time [hours| per unit light curve timescale (£) [hours].
For the velocity distribution of DM, therefore PBHs, we assume the isotropic, random virial
motion according to the NF'W halo at a given radius of lensing PBH from the Milky Way center
or M31 center.

The integration with respect to the minimum impact parameter uy;, in Eq. (7.17) is in
the range upi, = [0, ur], where ur is the threshold impact parameter defined as follows. We
observationally detect a microlensing event of PBH if the magnification of a source star is large
enough and then the light curve of a source star is detected under observational conditions.
More exactly speaking, to estimate the detection sensitivity of microlensing events, it requires
detailed simulations of microlensing light curve taking into account observation conditions as
well as combinations of model parameters, as done in Niikura et al. [30]. This is beyond the
scope of this paper. Here we simply assume that a microlensing event can be detected if the
maximum magnification is greater than a threshold value At = 1.34, which corresponds to
the magnification at the impact parameter u = 1 for a point source under geometrical optics
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approximation (Eq. 7.3). Even if we consider the wave optics effect and/or the finite source
size effect, we can determine the threshold impact parameter, ur, corresponding to Ar = 1.34,
once the model parameters (distance to PBH, PBH mass, source size, and optical wavelength)
are fixed. If 0 < upin < up, the microlensing event has a magnification with A > 1.34. The
integration over uy,, in Eq. (7.17) includes microlensing events with A > 1.34.

Fig. 7.5 illustrates how the threshold impact parameter ur is changed when taking into
account the finite source size effect and the wave optics effect, assuming typical values of the
model parameters. For this particular set of the model parameters, the finite source size effect
and the wave effect both increase the threshold value of the impact parameter ur compared to
the point source and geometrical optics case (ur = 1). Hence the effects increase a cross section
of the microlensing. The oscillatory feature in the light curve appears at u > ut or A < Ay for
this case. For other parameters, such oscillatory feature can appear at u < ur. In this way we
can estimate the numeric value of ut as a function of the model parameters.

In Fig. 7.6 we study how the threshold impact parameter varies as a function of the distance
to PBH for different PBH mass scales as well as the dependence on the finite source size
effect and/or the wave optics effect. For a point source, ur = 1 independently of the lens
distance. First of all, when taking into account the finite source size effect and/or the wave
optics effect, only PBHs at particular distances can contribute the microlensing events. If
PBH is too light such as Mppy < 10711 M as we will show below, PBHs can not cause a
detectable microlensing event. Such an undetectability of lightest PBH leads to a cutoff in
the PBH abundance constraint at mass scales below the critical mass M., < 3.3 x 10712M,
(2.5 x 107'2M,) when we use a microlensing observation of r-band(g-band). The step-like
feature in the result for Mpgy = 1071°M, arises from the oscillatory feature in the light curve
when taking into account the wave effect, if ur is determined according to the method in
Fig. 7.5. However, as shown in the lower panel, a finite exposure time has a significant impact
on the threshold calculation, where we used Eq. (7.15) to estimate the effect; the finite exposure
time (90 sec) averages out the oscillatory feature in the light curve, leading to no detectable
microlensing event, i.e. up — 0, if a lensing PBH is closer to an observer?. Even if ur appears
to have a greater value for PBHs at d, < 107! kpc for Mpgy = 107°M,, the contribution of
PBHs at such small distances to the microlensing event rate is very small as indicated by the
gray-shaded region, and therefore the contribution to the event rate is negligible.

Fig. 7.7 is the main result of this paper. Here we use the microlensing search results from
one-night Subaru HSC r-filter data of M31 in Niikura et al. [30], where they found only one
possible candidate of PBH microlensing compared to many expected events if all DM is made
up of PBHs. The results were translated into an upper bound on the abundance of PBHs at
each mass scale assuming a monochromatic mass spectrum for PBHs. Fig. 7.7 compares the
results for three cases: i) if we assume a point source and ignore the wave optics effect (most
optimistic case), ii) if we take into account the finite source size effect, and iii) if we take into
account both the finite source size effect and the wave optics effect. Here we assume the solar
radius for source size for all stars in M31, and include the “selection” function of microlensing
events that give a probability to recover microlensing events of a given light curve timescale
under the Subaru HSC observation conditions (taken from Figure 18 in Niikura et al.). The
figure shows almost no difference between the results of cases ii) and iii), meaning that the
finite source size effect is a dominant effect for low-mass PBHs in Mppy = [1071,1077| M. In
other words, the wave effect is very difficult to distinguish in this kind of statistical study of
microlesning search based on the r-band data.

’In this case, the Einstein crossing time (Eq. 7.4) becomes shorter for a typical velocity of PBH, so the
exposure time average smears out the light curve, leading to a smaller net magnification.
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Figure 7.7: The impact of the finite source size effect and the wave effect on the 95% C.L.
upper bound on the PBH mass fraction to DM in the halo regions of the Milky Way and M31
in Niikura et al. [30], which are based on the r-band filter data of M31 taken with the Subaru
HSC. Note that the 7-band filter has 6210A for the central wavelength, and they used 8.7 x 107
stars for the constraints. Compared to the point source result, the source size and wave effects
cause a sharp cut at Mppy < 3.3 x 107120, i.e. no constraint for such light-mass PBHs, as

denoted by the vertical line. For the finite source size effect we assume the solar radius for all
source stars.
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Figure 7.8: An expected constraint on PBH abundance for a hypothetical dense-cadence mon-
itoring observation of white dwarfs in a g-band filter (centered at A = 4730A). Here we assume
that we can have a monitoring observation for 1000 white dwarfs in LMC, that all white dwarfs
have the same radius of 0.01 R, that we can perfectly recover the microlensing light curve in the
timescale range of 10 sec < tg < 2 min, if occurs, and t,,s = 1 year for the net, total observation
time (see text for details). The red curve shows the expected 95% C.L. upper limit on the PBH
abundance, if no lensing event is detected (i.e. null detection), when taking into account both
the wave optics and finite source size effects. The blue curve shows the result when including
the finite source size effect alone. Hence the cutoff mass scale at Mppy ~ 2.5 x 1072M,, as
denoted by the vertical line, is due to the wave optics effect for the g-band observation. For
comparison, the gray curve shows the red curve in Fig. 7.7.
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7.4 Discussion

Fig. 7.7 clearly shows a fundamental limitation of the PBH constraint from the Subaru
r-band data; no constraint on PBHs at M < 10~ M. How can we improve the microlensing
constraints on PBH abundance from an optical observation? One possibility is to use a shorter-
wavelength filter for the microlensing search because the ratio of PBH’s Schwarzschild radius
to the light wavelength becomes greater, which reduces the impact of wave optics effect. For
example, if we can use a g-band filter whose central wavelength (A = 47301&) is shorter than
that of r-band filter (A = 6210A) we have considered, we could still monitor many stars. In
particular, white dwarfs are bluer than main sequence stars, and have a smaller radius which is
typically smaller than the solar radius by a factor of 100. This reduces the impact of finite source
size effect. However, the abundance of white dwarfs is smaller than that of main sequence stars,
by a factor of 10 as implied from the MOA or OGLE microlensing events for stars in the Large
Magellanic Cloud (LMC) or the Galactic bulge region [37, 25, 31]. In addition, white dwarfs
are much fainter than main sequence stars (by more than 5 magnitudes than main sequence
stars®). So a large-aperture telescope is needed, or we need to monitor white dwarfs at closer
distances than in M31, e.g. white dwarfs in the Galactic bulge or LMC so that white dwarfs are
bright enough to be detected by a reasonably large-aperture telescope such as the 8.2m Subaru
telescope.

To explore microlensing event(s) due to PBHs in the mass range Mppy < 1071 My, we
need a much denser-cadence observation of white dwarfs than done in the Subaru r-band
2 min-cadence observation of Niikura et al. [30] (90 sec exposure plus 30 sec exposure), in
order to well sample a microlensing light curve of much shorter timescale than 2 min. The
upcoming Large Synoptic Survey Telescope (LSST)* will allow for 2 sec readout time that is
much shorter than 30 sec of the Subaru HSC. Furthermore, if a large-format CMOS image
sensor is available for a large aperture telescope, it will allow a much faster readout imaging of
source stars including white dwarfs. Here we assume that we can have a monitoring observation
for a sample of 1000 white dwarfs, compared to 8.7 x 107 stars in M31 in Niikura et al. [30],
using a sufficiently dense cadence observation with a g-band filter at a large aperture telescope.
We assume that the 1000 white dwarfs are at 50 kpc in distance (e.g., LMC) so that those are
bright enough, and that all the white dwarfs have the same radius, Rs = 0.01 R, for simplicity.
Then we assume that we can well sample a light curve of microlensing, if occurs, in the range
of 10 sec < tg < 2 min for the typical light curve timescale. More exactly we assume that we
can perfectly recover a microlensing event of the timescale range, if occurs. Finally we assume
we have a 1-year amount of data for the net observation time. Such a telescope/detector would
be interesting to explore, and seems feasible within next 10 years or so. Here we simply use
the same models in Niikura et al. [30] to study forecasts for such a microlensing search (so we
assume the white dwarf sample is in the direction to M31). In addition, a microlensing of white
dwarfs would be more suitable to search for the wave optics effect due to the relatively weaker
impact of the finite source size effect.

Fig. 7.8 shows the expected upper bound on the PBH abundance from the g-band mi-
crolensing search we described above, assuming no secure microlensing event (i.e. null detec-
tion). Compared to Fig. 7.7, such a g-band dense-cadence monitoring observation can constrain
PBHs at lighter mass scales, down to a few times 10712M,. The cut off at the low PBH mass
is from the wave optics effect; PBHs in the lighter mass scales cannot cause microlensing. This
result can be understood as follows. The expected number of microlensing events is roughly
given as Nexp ~ Ng X T X (tons/tr), where Ny is the number of source stars (here white dwarfs), 7
is the optical depth of PBH microlensing for a single source star, and %, is the net observation

3E.g.,seehttp://sci.esa.int/gaia/60209-white-dwarfs-in-gaia-s-hertzsprung-russell-diagram/
4https://www.lsst.org
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time. The optical depth 7 ~ 107¢ for the Milky Way halo if PBHs make up all DM in the
Milky Way halo region. Hence, if we seach for a microlensing event of 10 sec timescale, the
expected number is Ney, ~ 103 x 1076 x (3 x 107 sec) x (10 sec) ™ ~ 3000. If we cannot find any
event, i.e. null detection, it gives an upper limit that such PBHs are not allowed by more than
1/3000 = 0.003 for the mass fraction of PBHs to DM, which roughly reproduces the result in
Fig. 7.8. More quantitatively, in the figure we took into account the distribution of light curve
timescales due to the velocity distribution of PBHs in the Milky Way halo region.

7.5 Conclusion

In this paper, we studied the effects of wave optics and finite source size on the optical
microlensing search for stars in M31 due to PBHs that would exist in the Milky Way and M31
halos if DM is made up of PBHs. If PBH is in mass scales of Mppy < 10719M,, its Schwarzschild
radius (rss,) becomes comparable with or shorter than the optical filter wavelength (e.g. the
r-band filter, centered at 6210A), and the wave effect on microlensing needs to be considered for
such PBHs. For PBHs with rgq, < A, even PBHs cannot bend the path of optical light, so causes
no microlensing magnification, which gives the fundamental limit for an optical microlensing
search (Mppy < 1071 M, for the optical r-band filter). Nevertheless, if we can find a secure
microlensing event for PBH with ~ 1071° M, in an optical filter observation, it is a smoking-gun
evidence of PBHs because any other astrophysical object cannot have such a tiny Schwarzschild
radius (their physical size is much larger than the optical wavelength). This is an interesting
possibility to explore from an actual observation. However, we showed that the finite source size
effect is equally important or even more significant, if the microlensing observation targets main-
sequence stars, and likely erases characteristics signatures of the wave effect in the microlensing
light curve. As the main result of this paper, we studied the impact of wave effect and finite
source size effect on the PBH constraints obtained from the Subaru HSC microlensing search
for stars in M31 in Niikura et al. [30]. We showed that the effects are significant, and the finite
source size effect is a dominant effect compared to the wave effect, if source stars have a size
of the solar radius as expected for main sequence stars (see Fig. 7.7). Nevertheless, upcoming
wide-area surveys such as LSST, Euclid and WFIRST would be very powerful to search for
microlensing events due to PBHs over a wide range of mass scales, so the results shown in this
paper are relevant for microlensing search from the upcoming surveys.

In order to “detect” the wave optics effect of microlensing in an optical observation, we need
to use a source star which has a smaller size. Such a source is white dwarf, which has a smaller
size (typical a few % the solar radius), and can be observed in optical wavelengths. However,
the number of white dwarfs are smaller than that of main sequence stars, by a factor of 10,
and white dwarfs are much fainter than main sequence stars, by more than 5 magnitudes (a
factor of 100 in the flux). Hence the microlensing search for white dwarf sources is challenging,
but it is not impossible. For example, a CMOS sensor detector would be promising, compared
to CCD camera, because it allows a much denser-cadence monitoring observation of source
stars and therefore enables to search for ultrashort timescale microlensing events (the readout
time of Subaru HSC is 30 sec). We discussed that such a monitoring observation in g-band
filter can improve the PBH abundance in the mass scales, M < 10~ M, and therefore such
a CMOS camera with large field-of-view at a large-aperture telescope would be powerful to
further explore PBH signatures.
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8 Wayve optics for rotating stars by Béatrice Bonga, Feld-
brugge, Metidieri

Abstract

Gravitational lensing in wave optics is a rich field combining caustic singularities, gen-
eral relativity and interference phenomena. We present a detailed evaluation of wave optics
effects resulting from the frame-dragging of a rotating star modeled by a Lense-Thirring
spacetime. We demonstrate that, contrary to what was previously stated in the literature
(see e.g. Ref. [1]), the spin of the star leaves an intricate imprint on the interference fringes
and the caustics of the lensed source. This interference pattern can in principle be used
to directly measure the spin of the lens.

8.1 Introduction

Einstein’s theory of gravity has reshaped our understanding of the Universe, both at large
scales and about the objects within it, ranging from black holes and gravitational waves to
gravitational lensing. Each phenomenon is of great interest and can potentially reveal new
physics. In this paper, we reconsider gravitational lensing in the wave optics regime by a
rotating star.

Over the last decades, tremendous progress has been made in the theory and observation of
gravitational lensing in astronomy using the geometric optics approximation, treating light as
rays following null geodesics in curved spacetime. The geometric approximation suffices for most
astrophysical settings. However, wave optics are important when you have coherent (nearly)
monochromatic waves. In such cases, as infinitely many rays with nearly equal path lengths
converge at the observer, the resulting phenomena of diffraction and interference invalidate
geometrical optics. With the advent of numerous Fast Radio Bursts and pulsar observations [2],
and the first gravitational waves detections [3], all emitting coherent long wavelength radiation,
it may become possible to observe such interference effects due to gravitational lensing for the
first time. This is particularly important in the vicinity of caustics, where the intensity is
amplified and the geometric approximation breaks down.

The wave nature of radiation in gravitational lensing was first formulated by |2, 1]. Recently,
much progress has been made on the numerical evaluation of the interference patterns resulting
from lensing in wave optics using both Fourier [25], and more general complex analysis methods
[6, 7, 8,9, 10]. For a path integral analysis of gravitational lensing in wave optics see [11].

The effect of rotation of the lens is clearly also important. This is already evident in the
geometrics optics limit. As the star rotates, radiation traveling in the direction of rotation of
the object will move past the massive object faster than radiation moving against the rotation,
as seen by a distant observer. This is known as frame-dragging or the Lense-Thirring effect
[12, 13]. Relativistic frame-dragging was recently observed in relativistic jets [14] and in a pulsar
white dwarf binary system [15]. Moreover, in the coming years, the Lense-Thirring effect on
the orbits of the S2 star around the supermassive black hole in the center of our Milky Way
may be detected with the GRAVITY instrument of the Very Large Telescope [16].

The simplest situation in which wave optics are important is the case in which the lens is
modelled as a point mass and the source, lens and observer are all far away from each other, so
that the thin lens approximation applies. This case has been extensively studied in the weak
field regime in which (post-)Newtonian theory applies. Remarkably, the intensity pattern in
this case can be evaluated completely analytically [2|. Generalizations of this scenario include
a singular isothermal sphere lens [17, 18, 19] and a replacement of a single point mass by a
binary [6].
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In this article, we investigate the effect of a rotating lens. We account for the spin by using
the Lens-Thirring metric, i.e., the slow-spin approximation of the Kerr metric. This was previ-
ously studied in [1], in which the authors concluded that the interference pattern of a rotating
star has the same shape as for the non-rotating lens, but that the wave pattern is shifted trans-
lationally in the direction perpendicular to the angular momentum vector projected onto the
lens plane. Other papers using similar arguments also concluded that the interference pattern
of the rotating lens is degenerate with that of the non-rotating lens up to this translational shift
[20, 21, 22|. As a result, it was argued that a rotating lens is not distinguishable from a non-
rotating one (unless one has an independent way of knowing the precise location of the source).
We find that this is in fact incorrect: rotation of the lensing object does change the interference
pattern beyond simply shifting it. Earlier results were based on a seemingly innocent mathe-
matical transformation that is in fact highly singular. By not using this transformation, we find
that the phenomenology of the rotating lens is much richer than merely shifting the interference
pattern. Hence, in principle, the rotating lens is not degenerate with the non-rotating one and
one can determine how fast the lens is rotating based on its interference pattern.

The outline of this paper is as follows. In Sec. 8.2, we introduce the setup and describe our
methods for evaluating the interference pattern. The results are discussed in Sec. 8.3, where
we show explicit interference patterns and contrast these with the shifted interference pattern
as argued for in [1, 20, 21, 22|. In App. 8.5, we demonstrate explicitly how sensitive critical
and caustic curves are to small perturbations. App. 8.6 discusses the small spin approximation
and some of its limitations.

8.2 Rotating stars

In this section, we provide a lightning review of the key quantity relevant for wave optics:
the Kirchhoff-Fresnel integral with its integrand determined by the time-delay function. Next,
we sketch the derivation of the time delay function for a rotating star, evaluate the caustics,
and propose a method to efficiently evaluate the resulting Kirchhoff-Fresnel integral.

In the presence of a lens, the wave amplitude of a point source assumes the form of a
Kirchhoff-Fresnel integral

a2 [
U(y) = (£> /e“”T(m’y)da:, (8.1)
L

271

with the angular frequency of the radiation w, the point & on the d-dimensional lens plane, the
relative position of the observer and source y in the image plane and the time delay function

(x —y)*

T<w7y) = 9

—p(x), (8.2)
governed by a geometric term (x — y)?/2 and the phase variation ¢ modeling the effect of
the lens. The integral in Eq. (8.1) can be interpreted as the superposition of all possible rays
propagating from the source to the observer and intersecting the lens plane at & weighted by
the phase ™7 [23]. Note that the interference integral is given in dimensionless units, w, z, and
y and that the amplitude is normalized with respect to the unlensed case, i.e., when ¢(x) = 0,
the amplitude ¥(y) = 1. For more details, see [24, 2|.

8.2.1 The time delay

The time delay function for a rotating star (see Eq. 8.4) has appeared in the literature before
[25, 26, 27, 1], here we review its derivation. A busy reader may skip this subsection.
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Gravitational lensing is governed by the time as measured by the observer that light rays take
to travel from the source to the observer while following geodesics in the curved spacetime. The
source is modelled by a point source that emits spherical, monochromatic waves with frequency
w. The emitted light then propagates past a rotating gravitational lens before reaching a distant
observer. The space-time metric of a rotating star in the weak field limit is

ds? = — (1 +2U(r)) dt* + (1 — 2U(7))dr?

4Ge jpmJFxmdad dt
2||r —r||3

, (8.3)

which can be interpreted as the Minkowski metric, plus a small disturbance due to the grav-
itational potential U(r) = —GM/(c*||r — r*||) of the star of mass M located at r*, and a
frame-dragging term resulting from the spin J of the lens.

When the particle’s deflection occurs over a relatively small region, relative to the distance
from the source to the observer, one can use the thin lens approximation. In this approximation,
the time delay function consists of three components modulo some constant terms that do not
affect the wave amplitude. First, the distance of the lensed path exceeds that of a straight line
from the source to the observer by %%HO — O5]|? with the angular diameter distances
from the observer to the lens Dy, and the observer to the source Dpg respectively. Og stands
for the angular position of the source as measured from the line of sight, and @ is the angular
position of the ray crossing the lens plane @ with respect to the position of the lens on the
sky (see Fig. 8.1 for a comprehensive schematic of the setup). Second, the line integral of the
potential [ U(r)dr for small angles assumes the form 4GM/c*log||@ — 0*| up to a constant.

Third, the frame-dragging term yields a speed-up/delay for passing along/opposite the spin
4G (I xn)-0
c*Dor 101

direction of the star by . In terms of dimensionless units, we obtain the time delay

function
(z —y) a-x
T(x,y) = — log z + poat (8.4)
with the norm = = ||z||, the spin vector
Jxn
= 8.5
* cMrg’ (8:5)

where m is a unit vector pointing along the line of sight towards the source, and the Einstein
radius

AGM Dor(Dos — Dor)
= : 8.6
- \/ - DorlDos (5.6
In this formula, the angles
(7] Os
_ — 8.7
are normalized with respect to the Einstein angle
AGM Dos — Doy,
0. = Dnr = ) 8.8
E TE/ OL \/ 2 Doz Dos ( )

In addition, we work with the dimensionless angular frequency w = 4G Mw/c?, which is defined
as the frequency of the radiation w normalized using the gravitational radius of the lens. The
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frequency also enters in the definition of the wavelength of the radiation, defined as A = 27¢/w
(see [1]). In astrophysics, the dimensionless angular frequency w is generally a large number.
It is often convenient to express the spin vector in terms of the Kerr parameter a = J/(c¢M):

axXn

o =

- (8.9)
For black holes, the Kerr parameter takes values between 0 and M with M corresponding to an
extremal black hole. As we are modeling rotating stars instead of black holes and work with the
small spin limit, the Kerr parameter should be considered small, i.e. a/M < 1. This implies
that for realistic settings o < 1, given that in the thin lens approximation both Doy and Dpg
are large so that rg is large as well (rg ~ /2GM Doy /c?). While the angular momentum J
is a three-vector, we will from hereon interpret the spin vector a as a two-vector in the lens
plane, normal to the projection of the spin vector J onto the lens plane J — (n - J)n. As a
result, frame dragging only alters the time delay function when the angular momentum vector
J is misaligned with the line of sight n and for a given value of J, the effect is maximal when
the angular momentum vector lies in the lens plane. Using spherical coordinates

J = J(sin 0y cos ¢g, sin by sin ¢y, cos ), (8.10)

with the line of sight n = (0,0, 1), where 6, is the angle between the angular momentum and
the line of sight, the spin vector assumes the form

in
o= % (— sin g, cos ¢y , (8.11)
TE

with the norm a = ||al|. The angle 6, determines the amplitude of the spin vector, while the
angle ¢y determines its orientation.

zSource

Observer
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Figure 8.1: Schematic representation of the lensed null rays that arrive at the observer. In the
thin lens approximation, we consider that the rays travel along straight lines (as they would
in Minkowski space), and the trajectory’s deviation due to the rotating star’s presence only
occurs in the lens plane, represented by the dashed grid. The rotation of the star drags the
neighboring spacetime, which has been represented in blue. The line connecting the source
to the observer is the line of sight. We consider the star to lie at an angular distance Og as
measured from the line of sight. A ray intersects the lens plane at an angular distance 6 as
measured from the position of the star. We define a Cartesian coordinate system centered at
the star with the z axis along the line of sight and pointing towards the source. Similarly,
the spherical coordinate system (6, ¢g) is defined in the usual way. The distance separating
the observer from the lens is denoted Doy, while the distance separating the observer from the
source is Dpg. Both distances are much larger than the characteristic lengths in the lens plane.
In orange, we represent the angular momentum vector of the star J and in red a unit vector n
parallel to the line of sight.

In the literature, the time delay function of a rotating star is sometimes expressed as |1, 20, 21]

(x —y)? . o cosnf
T@.y) = T logle - a - 30 O (8,12
n=2

whereby the frame dragging term « - x/2? is absorbed into the logarithm and the higher order
corrections, with @ the angle between o and x. These higher-order corrections, often written
as O(a?), are then neglected in those references. To first order in the spin parameter, this time
delay function is equivalent to the time delay function of the non-rotating point source with
x — x — . Based on this observation, it is then argued that the interference pattern of a
rotating star is the same as the interference pattern of the non-rotating star shifted by the spin
vector e (see for example [1, 20, 21, 22]).

While this may appear completely reasonable at first, this seemingly innocent trick is in fact
mathematically rather violent: The residue >, O‘nnCTOZ”Q diverges logarithmically at both the
origin 0 and the point a (where the sum reduces to the harmonic series > 2, n~'). While the
first singularity can be understood as the position of the lens and also appears in the time delay
function in Eq. (8.4), the latter singularity is not physical. It is merely an artifact of rewriting
Eq. (8.4) as Eq. (8.12). Since the Kirchhoff-Fresnel integral ranges over all points @ in the
lens plane, this way of rewriting the system is not a small perturbation of the original system,
even for small . Moreover, it is important to realize that the rotational symmetry of the phase
variation of the non-rotating lens p(x) = log z makes the interference pattern degenerate (in the
sense of catastrophe theory). A small fluctuation in the phase variation ¢ — thereby breaking
the rotational symmetry — will dramatically change the caustics and interference pattern (see
appendix 8.5 for some concrete examples). The frame-dragging contribution certainly breaks
the rotation symmetry as light rays moving along the spin direction of the star are sped up
while light rays propagating opposite of the spin direction are delayed by frame dragging. By
approximating the phase variation of the rotating star by

p(x) ~ —loglle — (8.13)

the rotational symmetry and consequently the degeneracy of the non-rotating point lens is
preserved. Hence, this is not a good approximation as we will also explicitly see in Sec. 8.3.



8.2 Rotating stars 28

8.2.2 Geometric optics

Following Fermat’s principle, the classical rays correspond to the stationary point of the
time delay function,
r—a 2a-x)x

Vol (x,y) = —y— PR =0. (8.14)

Upon solving for y, we obtain the geometric optics map,

fa) = w22 DT (8.15)

2 4

sending points in the lens plane to the observer. In the geometric optics approximation, the
intensity assumes the form

1
I eometric = E —~ 8.16
z€€ 1 (y)

including a contribution for each classical ray propagating from the source to the observer pass-
ing the lens at £€7'(y) = {x | &(x) = y} [24]. The intensity (8.16) spikes when the deformation
tensor V§ is singular. In the lens plane, this corresponds to the critical curve

C={x| det VE&(x) =0}, (8.17)
={x|x*(z' - 1) —4a - (a+x)=0}. (8.18)

When mapping the critical curve to the image plane, we obtain the caustic curve,

£(C) = {¢&(z) |z €CY}, (8.19)

consisting of the geometric pattern at which the intensity of the geometric optics approximation
spikes. As we will see below, the caustics are the places where the geometric optics approxima-
tion starts to fail. Moreover, the caustics mark the locations in the image plane at which the
intensity pattern in wave optics qualitatively changes. As we approach a fold/cusp caustic in
the image plane the two/three rays € '(y) coalesce at a point on the critical curve in the lens
plane.

For the non-rotating point lens, the lens map &(x) = y yields two real classical rays [2]

T, = % (y + M) . (8.20)

The critical curve C, consisting of the unit circle {||z| = 1} in the lens plane, is known as
the Einstein ring. The caustic curve consist of the point £(C) = {0} in the image plane. The
observation that the one-dimensional unit circle is mapped to a zero-dimensional point signals
that this set-up is degenerate resulting from the radial symmetry of the phase-variation — log x.
A small perturbation, breaking the radial symmetry of the phase variation in the lens plane
dramatically changes the caustic curve into an astroid, consisting of a fold curve with four
cusp points (see appendix 8.5). A similar phenomenon can be observed in the unfolding of the
caustic resulting from a symmetric liquid dropped lens [28, 29].

Including the frame-dragging effect breaks the radial symmetry of the lens and removes the
degeneracy of the non-rotating point lens. The lens now has up to 5 classical rays corresponding
to stationary points of the time delay function. The critical and caustic curve gradually change
as we increase the spin parameter a = ||a|| (see Fig. 8.2):
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Figure 8.2: The caustic curves for a = (ay,0) for ay = 0,0.18,0.2,0.3,0.32,0.35,0.4,0.5. The
numbers indicate the number of images in each region bounded by the caustic curve.

e for 0 < a < ﬁ ~ 0.192, the critical curve consists of two loops. The corresponding

caustics form a quadrangle and a triangle enclosing two 5-image regions. Outside these
caustic curves, there exist 3 real classical rays.

o At a= ﬁg the two H-image regions merge to form a larger 5-image regions.

e At a =~ 0.31, the right horizontal fold line starts to overtake the left horizontal caustics.
When the right fold passes over the left fold, we observe the formation of two 1-image
regions.

e At a= %\ / M ~ 0.322 the two l-image regions merge.

e At a =~ 0.35, the two remaining 5-image regions collapse to a point in a swallowtail
caustic. The 5-image regions vanish for larger a.

e For larger a, we obtain a 1-image region surrounded by a 3-image region. The caustic
curve consists of a fold curve and a single cusp point. As « increases, the caustic inflates.
These findings for large « are in agreement with [30].

For the rotating star, the outside region always consists of three classical rays. For each
point y outside the caustics, the time delay function has three real and two complex critical
points (forming a complex conjugate pair) in @ when solving Eq. (8.14). When crossing a
caustic while moving y, two things can happen: the two complex critical points merge on the
real plane at the critical curve and become real classical rays forming a five-image region, or two
real critical points merge on the critical curve and form a complex conjugate pair of complex
saddle points. The complex critical points (sometimes known as complex rays) do not play
a role in the geometric optics analysis of the rotating lens but do influence the interference
pattern in wave optics (see for example [§]).



8.2 Rotating stars 30

8.2.3 Wayve optics

For a non-rotating point lens, the radial symmetry allows us to write the lensing amplitude
as a radial integral,

U(y) = ﬂ./eiw(%@—yf—l‘)gw)dm (8.21)
2mi
= —ieiwa/z/ Jo(wry)eiw(%r2_1°gr)rdr, (8.22)
0
using polar = r(cosf,sinf) and Cartesian coordinates y = (y1,¥2), the norm y = ||y||, and

the integral representation of the Bessel function

2
omJo (\/z%zg) = / gz cosOt2sin0) g (8.23)
0

Remarkably, the radial integral can be evaluated

U(y) = 2% (—iw) T (—@) L (iw?f) (8.24)

in terms of the Laguerre function L,, and the gamma function I'. The intensity of the radiation
assumes the form

. . 2 2
W W wy
V(Y= — \F | —, 1, —= 8.25
pwl = ()| (5.25)
with the Kummer confluent hypergeometric function
2 q(™)zn
1F1(aa ba Z) = § pmip! (826)

n=0

where we use the rising factorial a™ = a(a +1)...(a +n — 1) (see [2] for details).
For a rotating lens, the frame-dragging term in polar coordinates is

a.;nzalcosﬁ—l—ozgsinH’ (8.27)
r

Xz

with @ = (a1, az). This makes the lensing amplitude for the non-rotating lens take on the
following form

U(y) = —iwe™v’/?
X /00 Jo (wrlly — a/r?|)) (/27108 7). (8.28)
0

Note that this is only a slight variation on the amplitude evaluated by [1] using the approxi-
mation in Eq. (8.13):

U(y) ~— we v’/
« / o (wrlly — @) €020 (8.29)

0

which can be evaluated analytically as this is simply the Kirchoff-Fresnel integral for the non-
rotating lens but shifted

. . : : 2
W(y) 227 (i) HET (—@> L i (M) . (8.30)
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Figure 8.3: The integrand of the radial integral in Eq. (8.28) along the real line [1,00) (left),
and deformed contour [1, e™/00). The blue and red lines indicate the real and imaginary parts,
respectively.

Unfortunately, the radial integral in Eq. (8.28) cannot be evaluated using special functions
and is highly oscillatory for large r. However, as the integrand is analytic, and the analytic
continuation is dominated by the Gaussian term ewr®/2 for large |r| in the complex plane, we can
safely deform the half line [0, 00) to an integration contour starting at the origin 0 tangential
to the real axis and ending at e™/*co. This deformation suppresses the integrand for large
|r| and enables the efficient evaluation of the amplitude ¥(y) using conventional integration
techniques. As the analytic continuation diverges around r = 0 in the complex plane, we
deform the real half-line (0,00) into the two line segments (0,1] U [1,e™/*00) (see Fig. 8.3).
This is a rudimentary application of Picard-Lefschetz theory [8]. More intricate deformations
of the original integration domain can further improve the convergence of the radial integral.
However, this simple deformation suffices for the purpose of this paper.

8.2.4 Validating the lens amplitude

To validate our numerical method for the evaluation of the wave amplitude in the previous
section, we approximate the Kirchhoff-Fresnel integral in three ways.

First, the Eikonal approximation of ¥(y) is a good approximation in the semi-classical
regime, bridging the geometric optics approximation (8.16) and the full Kirchhoff-Fresnel inte-
gral,

eiw?(azy)—in(m)ﬂ/Q

U = )
) ) | det V&(x)|

zeg!

(8.31)

with the Morse index n of the critical point @ (0 for minima, 1 for saddle points, and 2 for
maxima of the time delay T). For a detailed exposition of the Eikonal approximation see [24]. In
the present discussion, we will only include the real rays, though the Eikonal approximation can
be extended by including relevant complex rays [8]. In Fig. 8.4, we compare the geometric optics
approximation, the Eikonal approximation and the Kirchhoff-Fresnel integral for a rotating
lens. The geometric optics approximation captures the main behavior of the lensing pattern
but misses the interference of the three real rays in the triple-image regions. Additionally,
the geometric optics approximation diverges at the caustics. The Eikonal approximation is a
significant improvement as it captures the interference in the triple-image regions. However, it
fails to capture the oscillations on the left side of the single-image region. These oscillations
result from the interference of the real ray and a complex ray (associated with the left fold
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Figure 8.4: The intensity |¥(y)|? for y along the equatorial plane/for y = (y;,0) with —1 <
y1 < 2 for a« = (1/2,0) in geometric optics (blue), the Eikonal approximation (red), and the
numerical evaluation of the Kirchhoff-Fresnel integral (black). The vertical green lines mark the
caustics separating the one-image region (between the two green lines) from the triple-image
regions (the regions on the outsides of the green lines).

caustic). Both the geometric optics and Eikonal approximations overestimate the intensity near
the left cusp caustic. Given that the oscillations of the Eikonal approximation and the numerical
evaluation of the Kirchhoff-Fresnel integral line up, and the deviations can be understood, we
are confident about the accuracy of the numerical evaluation.

The second method to validate our numerical results is by expanding the radial integral
in the Kirchhoff-Fresnel integral (8.28) in powers of the rotation parameter, for which we can
obtain analytic results. As the expansion of the Bessel function,

Jo (wrlly — a/r?|)) (8.32)

= Jo(wry) + woe -y — w?(a - y)* BED +w (3 (0F — 63) + darasyiys — i(af — 03)) BEH + 0(a),

only features the Bessel functions Jy(wry)/r™ and Jy(wry)/r™ for positive integers m, the
closed form integral

/ Jy(wyr>6iw(%r2flogr)rndr
0

) ) o R I .9
_ 271+V72n+7.w(_Z.w)71+1/+2n71w (wy)’ T (1 + l/—|—2n zw) B <1 +v —|—2n zw; oy _zwa)

(8.33)

allows us to evaluate the radial integral and approximate the integral to any order in a. Fig. 8.5
shows a comparison of this perturbative expansion and the numerically evaluated Kirchhoff-
Fresnel integral. The expansion matches the numerical evaluation well for small ||a| but
requires many terms to capture the oscillations of the interference pattern.

Finally, the numerical evaluation matches qualitatively the shifted interference pattern of
the non-rotating star for small « (see the next section for details).

8.3 Results

When evaluating the Kirchhoff-Fresnel pattern as a function of y we obtain an interference
pattern matching the caustics obtained from the geometric optics approximation (see Fig. 8.6).
For small |||, the caustic curve is small compared to the typical length scale of the interference
pattern and the interference pattern is close to the shifted pattern predicted by [1] (although
see below for an explicit comparison). For larger |||, the interference pattern becomes more
intricate neatly following the caustics. Note that the oscillations in the interference pattern in
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(a) w =10 (b) w =30

Figure 8.5: A comparison of the exact evaluation (solid curves) and approximations of the
lens amplitude as a function of e = («,0) for w = 10 (left panel) and w = 30 (right panel)
and y = (1,1). We compare the numerical evaluation with the zeroth-order (dashed curves),
first-order (dashed-dotted curves), second-order approximation (dotted curves), and the shifted
non-rotating star (dark dashed curves). The real and imaginary parts of W are plotted in red
and blue, respectively.

Figure 8.6: Interference patterns of the rotating lens for e = (ay, O) for ay = 0.1,0.2,0.3,0.4

(top to bottom) and the angular frequencies w = 10, 30,50 (left to right). The red curves are
the caustics: in the geometric optics approximation, the intensity becomes infinite there.
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Figure 8.7: A comparison of the exact Kirchhoff-Fresnel integral (left) and the shifted non-
rotating interference pattern (center) and their difference (right) for e = (0.2,0), for w = 10
(the upper panels) and w = 30 (the lower panels). The difference between the two patterns is
reminiscent of the light emitted by a lighthouse.

the single image region for ||a|| > 0.322 are the result of a relevant complex ray corresponding
to a complex critical point of the time delay function.

We compare the interference pattern with the shifted non-rotating lens proposed by |[1]
in Fig. 8.7. Though the two interference patterns appear similar, they show a systematic
difference even for small a: this difference is highlighted in the right column. This difference
can in principle allow one to directly infer the spin of the rotating start through frame dragging
from the observed fringes.

We want to highlight that using the shifted non-rotating time delay to compute the in-
terference pattern generated by the rotating star is incorrect (see also the discussion around
Eq. (8.12) in Sec. (8.2.1)). The underlying reason why the approximation

2 o n ]
T —y o™ cosnb
T(x,y) = —< 5 ) — log|jz — || — E YT (8.34a)
n=2
(xz —y)°

5 T log||lx — o], (8.34b)

fails despite its seeming correctness (and its extensive usage in the literature [1, 20, 21, 22])
is that the residue ) 7, 2~ diverges for = 0, and z = a (following from the fact
that we approximate a function log||x|| which diverges at @ = 0 by the function log|jx — a|
which diverges at * = «). The time delays (8.34a) and (8.34b) give rise to radically different
interference patterns. This can be seen by estimating the interference pattern generated by the

correction term y >, atcosnd The Kirchhoff-Fresnel integral for the time delay (8.34a) is

nxm™

U(y) = — ]dm. (8.35)

. —y)2 n 0
w ezw[“’ 2 loglla—al -3, 2eoine
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Using the identity e* = >"°, Ik—lj, we obtain

AV (y) = Y(y) — Yanitted(y)

w? iw M —log|lz—a | &% cos 20 3 (8.36)

where W(y) is given by Eq. (8.35) and Wgpifteq is

w 7(“”7?’)270 T—
‘I’shifted(y)—l/e [ el H}dm. (8.37)
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For the purpose of the argument, it is enough to consider the correction of order a? to the
shifted non-rotating interference pattern. If considering the approximation to the time delay
given by Eq. (8.34b) was correct, then the next order correction in « to the time delay in
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Figure 8.8: The second order correction in « to the shifted nonrotating interference pattern
(left) and its difference with respect to the exact Kirchhoff-Fresnel integral (right), with the
latter capturing the higher-order contributions given by O(a?). We used e = (0.2,0) and
w = 10 in the first row and w = 30 in the second. The brightness of the image is also shown
for comparison.

Eq. (8.36) either 1) does not significantly impact the interference pattern, or 2) if it does, the
intensity of the correction is smaller than roughly o?. As we will see in the following, neither
of these two statements is true when evaluating Eq. (8.36). Recall that § is a function of z and
«, in particular

a’cos20  2(xm- o) — a’a? (3.38)
202 24 ' '
Using polar coordinates centered at * = «
x — a=r(cosf,sinb), (8.39)
we can rewrite expression (8.36) as
9 iwe=w?
€ 2 2 2 .
AV = T /d@ [(a] — a3) cos 26 + 2a;as sin 26] x
T (8.40)
iw| =+ 2T () —y1) cos O+ (o —y2) cos )
/dm {2+ % 4 (a1 —y1) cos O+ (az—ye) G}T“MO(@?’)
where we only kept terms up to second order in o?, i.e.,
a? cos 20 _ (a? — a2) cos 20 + 20 iy sin 20 L 0. (8.41)

222 212

In practice, this means that for this term we can use the transformation & = r(cos6,sin0)
rather than Eq. (8.39) since the factor of a in the transformation enters as a higher order
correction.

The radial integral

o0 W 2 7(0‘_1’)2 rb .
L = / dre [ A : (8.42)
0

regularized using analyticity [31], can be evaluated in terms of the Kummer’s confluent hyper-
geometric function

e I I R B e R e S
(8.43)

We did not find a closed-form expression for the remaining integral over 6 in AV. However,
as this integral is well-behaved, and runs over a finite domain, we evaluate it numerically. In
Fig. 8.8 we show the interference pattern created by the second order correction term in «
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in Eq. (8.36) and its difference with the right column of Fig. 8.7 for w = 10 (first row) and
w = 30 (second row). The right column of Fig. 8.8 represents the higher-order corrections not
captured by Eq. (8.36). The second-order correction (left column in Fig. 8.8) already encodes
the “lighthouse” effect that we observed in the right column of Fig. 8.7. This shows that using
the shifted non-rotating time delay leads to a loss of structure in the interference pattern, and
the first statement above is incorrect.

Notice that the intensity of the second-order correction (left column in Fig. 8.8) is compa-
rable (for w = 10) or even higher (for w = 30) to the magnitude of o &~ 0.2. Therefore, this
difference is not negligible, which also invalidates the second statement above. Also note that
the intensity of the higher order correction depicted in the right column of Fig. 8.8 is one order
of magnitude smaller than the second order effect in a (left column). This is expected and
hints at the possibility of approximating Znsz W by a finite number of terms N > 2. As
seen by looking at the intensity bars in Fig. 8.8, for higher frequencies, N needs to be larger
to capture the structure of the interference pattern up to order ae. However, we do not see any
advantage in using Eq. (8.34a) truncated up to a certain N rather than simply using Eq. (8.4)
since we have explicitly shown that in both cases, the N = 2 correction must be included,
thereby already breaking the degeneracy of the caustics.

8.4 Discussion

We have calculated the interference pattern of a rotating lens in the small spin approxima-
tion using the Lense-Thirring metric. Despite previous claims in the literature, the resulting
interference pattern is not merely a translated version of that produced by a non-rotating lens
of equivalent mass; rather, it exhibits distinctive characteristics. A comparative analysis of the
interference patterns generated by the rotating lens and the displaced non-rotating lens reveals
a prominent feature that bears resemblance to the light emitted from a lighthouse (refer to
Fig. 8.7). If these features can be observed, this would be a new and independent methodology
to measure the spin of rotating objects, a task that is generally considered to be challenging.

In strong gravitational lensing, the lens bends the paths of the radiation and multiple
images, arcs, or Einstein rings appear. In weak gravitational lensing, the deflection due to the
presence of a lens is impossible to detect from a single background source. The presence of
the foreground lens mass has to be statistically identified through the systematic alignment
of multiple background sources around the lensing mass. In the present paper, we consider
systems for which radiation experiences a strong deflection but for which the different images
are not resolved. Rather, we observe the interference of the different images. This is known
as gravitational microlensing. Not unlike Young’s double slit experiment, the complementarity
principle indicates that when we can identify the path of the rays, the interference pattern
disappears. As a result, gravitational microlensing is often washed out. However, it is relevant
for coherent radiation with long wavelengths, like the recently observed fast radio bursts and
gravitational waves.

The interference patterns presented in this paper are not directly observed in the sky given
that we do not have access to the entire image in the image plane. Rather, the effect of a
gravitational microlens is a transient astronomical event. As the relative alignment of the
source, lens and observer changes, the source’s apparent brightness changes. The lens system
traces a line in the presented interference pattern observed as fluctuations in intensity. The
presented interference patterns can thus be interpreted as a collection of waveforms, where the
caustics mark the most striking features. A frame-dragging detection by a microlens would
thus require one to fit the presented model of the interference fringes to the light curve.

Note that our results indicate that frame-dragging could in principle also be observed in
strong gravitational lensing, through the relative positions of the images in the sky (as one
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should consider the time delay (8.4) rather than the approximation (8.13)).

The discussion in this paper is tailored to the language of wave optics as observable in
electromagnetic radiation. However, wave optics may also be observable in gravitational wave
observations and the relevant mathematics is analogous. The observable in this context is the
waveform. The lensed waveform is computed from the unlensed one by convolving it with the
Kirchoff-Fresnel integral in the frequency domain. The prospect of observing wave optics with
gravitational waves at low frequencies with the Laser Interferometer Space Antenna (LISA) is
particularly promising. In the point mass approximation for the lens, lens masses as “small” as
~ 103My, can be inferred from the observed gravitational wave from a massive black hole binary
with a total mass of ~ 10M[32]. It would be interesting to investigate the observability of a
spinning lens using gravitational waves.

The foundations laid down in this article provide a stepping stone for a full derivation of
a rotating black hole as lens. This would require a derivation of the time delay function using
the Kerr metric instead of its small spin limit and take strong field effects into account (such
as the possibility of rays disappearing into the black hole and rays going around the black hole
multiple times before reemerging).

8.5 Unfolding of the point lens

The time delay of the non-rotating point lens T(x,y) = (x — y)?/2 — logx has a one-
dimensional critical curve C = {||z|| = 1} and a degenerate zero-dimensional caustic curve
&(C) = {0}. To study the unfolding of the caustic, let us perturb the time delay function,

(x —y)°

T(x,y) = 5

—logz + 07T (x) (8.44)
with a quadratic fluctuation 07 (x) = c+x-n+ %mTZw for a constant scalar ¢, 2-vector  and
symmetric 2 X 2 matrix ». The constant term is irrelevant to the caustics. The linear term
can be absorbed into the geometric contribution to the time delay function. For the quadratic
term, we use the rotation symmetry of the unperturbed lens to rotate to the eigenframe of >,

7+ e 0
Y= ) 8.45
( 0 M- 72) ( )

The generalized time delay thus assumes the form

_ 2
V1, 2 2 V2, 2 2

up to constant contributions. The corresponding lens map

T
£(:c):w—ﬁ+zc~ (?V/iizj -n (8.47)
shows that the linear term in the fluctuation 67 shifts the caustic by y — y — 1. The term
~vi2? preserves the rotational symmetry of the lens and the degeneracy of the caustic curve.
The critical curve is a circle with radius 1/4/1 +7; and the caustic curve is the point {—n}.
The shear term 372(2f — 23) breaks the rotation symmetry of the point lens. For small 72, the
caustic is a one-dimensional astroid, consisting of four fold lines joined by four cusp points (see
Fig. 8.9). This pattern is stable with respect to small perturbations.
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Figure 8.9: The critical curve (black) in the lens plane and caustic curve (red) in the image
plane of a non-rotating point lens with a shear term superimposed on top of each other (y; =0
and v, = 0.2).

8.6 The small spin approximation

In the main text, we use the small spin approximation, in which we assume that the modulus
of the spin parameter « is small. However, we have not yet discussed the meaning of “small”
in this context. Effectively, when deriving the time delay function, we used the Lense-Thirring
metric, the weak field approximation of the Kerr metric in ACMC (asymptotically Cartesian
and mass centered) coordinates |33, 34|, i.e., the Kerr metric expanded to first order in r,/r
and the Kerr parameter a. The limitations of the weak field approximation are known: the
Lense-Thirring metric is suitable to describe the spacetime surrounding stars, but does not
apply to neutron stars or black holes [27]. The extension of the lens to a Kerr black hole
will be discussed elsewhere. In this appendix, we will be concerned with the regularity of the
next-order term in the small spin approximation. As it has extensively been discussed in the
main text, one must be careful when taking the small spin limit since the terms accompanying
the small spin parameter might diverge. Here, we compute the next order correction in the
Kerr parameter ~ a? to the time delay and check that this term does not include singularities
(apart from the physical singularity at = 0 discussed in Sec. 8.2.1).

The derivation presented here is for a simplified setup, which differs from the one detailed
in the main text, but makes the derivation more transparent. The setup is represented in
Fig. 8.10, where the coordinate system is located on the black hole in the lens plane with the
spin vector aligned with the z-axis. The black hole is located along the line of sight (represented
by a dashed line) such that the y-axis lies along the line of sight and points towards the source.
The lens is located at a distance Doy, from the observer, while the source lies at a distance
Dogs. These distances are considered to be much larger than the characteristic Schwarzschild
radius ry = 2M (in geometrized units G = ¢ = 1). Given the set-up of the problem, in which
the characteristic distances from the observer to the lens Do, and from the lens to the source
D1s = Dos— Doy, are much larger than the size of the black hole r, the signal from the source
will propagate in a spacetime that is very similar to the Minkowski spacetime everywhere but
close to the lens.

The Kerr metric in ACMC coordinates to quadratic order in the Kerr parameter a and
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Figure 8.10: Schematics of a null ray being lensed by a slowly rotating Kerr black hole. The
distance from the observer to the lens is Doy, and the total distance from the source to the
observer is Dpg. The coordinate system is placed on the black hole, with the spin vector

pointing in the vertical direction. The ray intersects the lens plane at L.

linear order in r,/r reads [33]

ry  3rsa’cos’l

- 142
g * r 273
~arg sin®
Jtp = ,
g =14 @ ara(ddcosl)
roor? 2r3

a2
oo =1 (1 + _7«2)

_ a®>  rea’sin’é
Gop = r°sin? 0 (1 + =3 + —)

rsa® cosfsin @

7«3
gro = —
7»2

From this metric, it is straightforward to compute the null geodesic equation
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where E and J are the energy and angular momentum of a test particle moving on a null
geodesic. The dot indicates a derivative with respect to the proper time along the geodesic
trajectory. Notice that up to order we are working in, that is, O(a®,r,a*,7?) the geodesic
equation coincides with the usual geodesic equation of the Kerr metric in Boyer-Lindquist
coordinates.

The time delay is the proper time as measured by an observer at rest between two events:
the emission of light from a faraway source and the reception of the ray. The relationship
between the proper time of the observer and the coordinate time to first order in r,/Dgy is
simply [34]

r 3a® 1,

AT = /=gyt =1 - —2 20 | At .
T Jit ( 2D0L+4D%L Dos COS ) (8.50)

where At is the coordinate time it takes the ray to travel from the source to the observer after
being deviated by the lens. Taking into account that we work in the thin lens approximation
so that the distance Doy, is large compared to rg, we can approximate

AT =~ At. (8.51)

Hence, we define the time delay as
T = At observer (852)

source

up to order O(a®,r.a?,r?,r,/Doy), which using the geodesic equation Eq. (8.49) reads
1 .
T :/ tdr (8.53a)
0

1
- / (E (1 + T—) _ T ap @ o 9) dr (8.53h)
0

rZ r 2r2 r

where the integral over the proper time 7 is taken along the geometric path (described in
Fig. 8.10) that the ray would follow in the absence of the lens. Namely,

t=FE (8.54a)
¢ = m (1 — z—z) (8.54b)
0= (2 + a6 + 2rif — %—z)f cot 0 (8.54c)
i = E? (1 + ‘;—2> — (2a® +1%)6? — @ . (8.54d)

This system of differential equations can be solved by realizing that the Kerr parameter only
enters as a quadratic correction to the trajectory. Hence, we need to expand all of the relevant
quantities as

t(r) = to(1) + a’ty(7) (8.55a)
r(1) = 10(7) + a®ry(7) (8.55h)
0(1) = b(7) + a’ba(7) (8.55¢)
¢(7) = do(T) + a*pa(7) (8.55d)
E = Ey+ d’E, (8.55¢)
J=Jy+a’J (8.55f)



8.6 The small spin approximation 41

The solution to the geodesic equation to zeroth order in the Kerr parameter is

)=/ Dig(r — 1) + L2r2 (8.56a)
D3 (1t —1)? + Lir?
0o(7) = arctan <\/ TLQT AT > (8.56b)
Drs(1 —
¢y = arctan (#) (8.56¢)
Jo=—Drsl (8.56d)

Ey=/D?g+ L? (8.56¢)

where we have used that the position of the source and the lens in Cartesian coordinates are
x(r =0) = (0,Dr5,0) and (7 = 1) = (Ly,0, Ls), and where we have defined L = ||L|| =
/L3 + L3. This solution corresponds to a straight line in Minkowski space. For the correction
of order a? we obtain

(1t —1)
ro(7) = D e (8.57a)
By(r) = L2(L2 — Dig)r(1—1)° (8.57b)

2L2\/D24(1 — 1)2 + L3r2(D34(1 — 7)% + L272)
_ (- Dig)r(l—7)

7)== I Dg(DRa(1 — 1) + 377 (8.57c)

__Li(L*+ Diy)
Ey = B S (8.57e)

where we have fixed the integration constant by fixing the extremum of the path to its initial
and final values according to Fig. 8.10.

The time delay from the source to the lens plane is computed using Eq. (8.53) together
with the path (8.55)-(8.57). Similar to the path and the constants of motion E and J, we can
expand the time delay function in terms of a

T = To + CLT1 + CL2TQ + O((l3, T?) s (858)

where the time delay to zeroth order in the spin is

1
T :/ Ey (1 + T—) dr, (8.59)
0 To

1

1

T1 = —J()'T’s/ ) dT, (860)
o To

to first-order

and to second-order

1 re Ty 3
Ty = / {E2 (1 + —) — Ey= < + 22 cos? Goﬂ dr. (8.61)
0 70 o \To 27

The last term codifies the time delay due to the rotating background to the second order
in the spin. Evaluating these expressions is cumbersome but otherwise straightforward using
Egs. (8.55)-(8.57). The first term yields

L? + L\/D? L?
To=1\/D3¢+ L% +r,log il > Ls T | (8.62)
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the linear term in the spin is
. LlTS(DLS + L)

T AE : (8.63)
while the quadratic term in the spin is
1
Th= ——
/D3 g+ L? S 64
L ZODRI3 ¢ DRI+ 1) 4 2Dy 312 — 3T (8.64)

2D2 L4\ /Dig + L2

Next, we need to evaluate the time delay along the second half of the path (r(7),0(7), ¢(7)),
which can be obtained by replacing 7 — 1 — 7 and Dy — —Doy, in Egs. (8.55)-(8.57) for
an observer located at the line of sight. Solving the geodesic equation with these boundary
conditions and evaluating Eqs. (8.58)-(8.61) yields

D%, + Dop+/D%, + L2
TOZ,/DgL+L2+rslog< 0LL+ or OL; ) (8.65)

Dg, + L* —

for the zeroth order contribution to the time delay. The first and second-order contributions for
the observer-lens path can be obtained by replacing Dy — —Dgoy, in Egs. (8.63) and (8.64).

Combining the time delays for the paths between the source and lens and the lens and
image plane, and expanding to first order in 1/Dyg and 1/Dgy, and zeroth order in ry/Dyg
and 75/ Doy, yields

T = Dos + DosL® ., | < L )
= — —2r,log | ———
" 9D1sDoy & 2v/DrsDor, (8.66)
2arsLq 22L§rs
rz YT

Using an analogous normalization to the one discussed in the main text (8.7), but taking
into account that L is a distance in the lens plane rather than an angle,

axn a L

= = 1,0 = — 8.67
e L), @=L, (867
with the Einstein radius
| DpsD
ry = o, LS OL : (8.68)
Dos
and n = (0, 1,0), we obtain
= — yl|? ar, o’z
where = = ||z|| is the norm of the vector & = (x1, z5) and we have taken into account the shift

in the image plane given by y (see Fig. 8.10). The phase ¢q is the collection of the constant
terms (independent of L) in Eq. (8.66). In covariant form Eq. (8.69) reads

|z — yl* a-z  (B-z)
T(x) = 2rg <¢0+T—logx+ PR ,

(8.70)

where 8 = a/rg. From the last term in Eq. (8.70), it follows that the second-order correction
in the Kerr parameter to the time delay is well-behaved, given that no unphysical singularities
are introduced. This discussion shows that the slow spin expansion is well-defined to this order.
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Figure 8.11: Intensity profile within the geometric optics approximation (Eq. (8.16)) for o = 0.1
(first column) and o = 0.2 (second column). We used the time delay to first order in the Kerr
parameter in Eq. (8.4) (first row) and to second order in a as in Eq. (8.70) (second row). The
caustics are depicted in red.

To estimate the validity of the slow spin approximation, we compare the intensity (computed
using the geometric optics approximation Eq. (8.16)) obtained with and without the second-
order correction in the Kerr parameter to the time delay. The comparison for o = 0.1 and
a = 0.2 are depicted in the first and second columns of Fig. 8.11. The first row in Fig. 8.11
has been computed using Eq. (8.4), while the second includes the second order correction in
a to the time delay in Eq. (8.70). The images in the first column (for the normalized spin
a = 0.1) display the same features, and in fact, their intensity profile differs only slightly.
For o = 0.2 we can already see that the intensity profile computed using the second-order
correction in « displays different features to our first-order approximation. Hence, the small
limit approximation we have described in this paper is valid for @ < 0.1. Notice that this is
not a very stringent restriction for stars as rotating lenses given that astrophysical values of «
will be tiny (since rg is typically very large).

Finally, a piece of warning is in order: this estimate on the validity of the small spin
approximation should be regarded with caution, as it is intended as a rough order of magnitude
calculation. We have used the small field approximation of the Kerr metric to compute the
next order correction in a to the time delay. Given that the Kerr uniqueness theorem [35] is
only applicable to perfectly axisymmetric bodies, it is not guaranteed that the exterior of our
rotating star is well approximated by the metric in Eq. (8.48) (that is to say, Birkhoff’s theorem
does not generalize to rotating stars).

9 Wave asymptotics and their application to astrophysical
plasma lensing by Grillo, Cordes

Abstract

Plasma lensing events can have significant observational consequences, including flux
density modulations and perturbations in pulse arrival times. In this paper we develop and
apply a formalism that extends geometrical optics to describe the effects of two dimensional
plasma lenses of arbitrary shape. We apply insights from catastrophe theory and the study
of uniform asymptotic expansions of integrals to describe the lensing amplification close
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to fold caustics and in shadow regions, and explore the effects of image appearance and
disappearance at caustics in the time of arrival (TOA) perturbations due to lensing. The
enhanced geometric optics approach successfully reproduces the predictions from wave
optics and can be efficiently used to simulate multifrequency TOA residuals during lensing
events. Lensing will introduce perturbations both in the way the residuals change as a
function of frequency and also in the magnitude and sign of the residuals averaged over
a frequency band. The deviations from the expected dispersive v~2 scaling will be most
significant when including observations at low frequencies. We examine the consequences
of lensing in the context of precision pulsar timing and touch on its potential relevance to

the study of FRBs.

9.1 Introduction

The phenomenon of astrophysical plasma lensing has attracted considerable attention ever
since the first detections of so-called “extreme scattering events” (ESEs) in the late 1980s
(Fiedler et al. 28) and early 1990s (Cognard et al. 12), during which the measured flux density
of the observed objects (a millisecond pulsar in the latter case, and a quasar in the former)
underwent large fluctuations with a frequency dependent structure over a period of time of the
order of months. Subsequent works describing observations of ESEs, such as those by Fiedler
et al. [27] and Clegg et al. [10] mentioned the idea, introduced in Cognard et al. [12], that these
events were the result of plasma overdensities in the interstellar medium that act as lenses
as they cross the line of sight between the Earth and the source of radiation, refracting the
incoming radio waves and creating observable regions of focusing and defocusing.

Clegg et al. [11] gave a detailed exposition of the geometric optics of one dimensional Gaus-
sian lenses and performed numerical simulations to find appropriate lens parameters that could
match the observed flux fluctuations of specific ESEs, and some subsequent works have also
aimed to derive the characteristics of specific lenses deemed to be responsible for particular
ESE observations (Pushkarev et al. 50, Bannister et al. 1, Tuntsov et al. 61, Vedantham et al.
63, Kerr et al. 36, Main et al. 43).

More recently, plasma lensing has also been suggested as a possible mechanism to explain
certain properties of FRBs (Cordes et al. 23, Dai & Lu 25), and other works have examined
different kinds of lens models, as well as their possible observational signatures (Pen & King
48, Er & Rogers 26), although most of the analysis so far has been done in only one dimension
and for a few specific lens shapes.

Plasma lensing events do not only have observable effects in the source’s light curve, they
also introduce perturbations in the times of arrival (TOAs) of the radiation, via a combination
of geometric and dispersive effects. Thus, plasma lensing events can have potentially important
consequences for pulsar timing, as the possible detection of low frequency gravitational waves
via this method is dependent on our ability to detect < 100 ns deviations in pulse arrival
times. In fact, some plasma lensing events have been inferred by their effects on observed
pulsar TOAs (Lam et al. 41) and dispersion measures (DMs) (Coles et al. 14), instead of their
effects on measured flux density, since in some cases the presence of strong scintillations can
effectively mask whatever effects the lensing events have on the source’s light curve.

In contrast to the random fluctuations in the electron column density that are responsible
for scintillation, plasma lensing events are produced by larger scale inhomogeneities in the
ISM, motivating the use of geometrical optics. Nevertheless, it has been useful for some authors
modelling scintillation phenomena to study the effect of nonturbulent phase screens, particularly
in the transition regime from weak to strong scintillations (Watson & Melrose 64, Melrose &
Watson 44). Furthermore, the underlying optics based on the Kirchhoff diffraction integral
(KDI) is the same for both scintillations and plasma lensing, meaning that a considerable
amount of the formalism used in the study of scintillations can be applied in the latter context.
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A potentially important effect of plasma lensing is the appearance and disappearance of
multiple images of the source as the lens crosses the line of sight. Such multiple imaging has
been directly observed in cases in which the angular separation of some of the images has been
large enough (Gupta et al. 30, Pushkarev et al. 50), and can be inferred from the existence
of fringes in the dynamic spectra of pulsars during certain epochs of observation (Cordes &
Wolszcan 24, Gupta et al. 31, Cordes et al. 19). The coalescence of images is associated with
regions in which a straightforward calculation of the flux using geometric optics diverges; these
regions are known as caustics, and the ability to describe these regions is of importance both
in the context of plasma lensing and scintillation (Goodman et al. 29, Melrose & Watson
44, Cordes et al. 23). The geometric optics framework, however, is useful because it provides
information about the different images, including their amplitudes, phases, and locations, and
at the same time provides a relatively simple way of calculating the total flux without the need
of finding a full solution to the KDI. Thus, it is desirable to describe the amplification in the
caustic regions without having to abandon the geometric optics point of view. Different authors
in the astrophysical context have employed a variety of methods to handle the geometrical
optics infinities, but so far the problem has not been solved using wave asymptotic methods
derived from the geometrical theory of diffraction (Borovikov & Kinber 6) and catastrophe
optics (Poston & Stewart 49, Berry & Upstill 3, Stamnes 57, Kravtsov & Orlov 39, Katsaounis
et al. 34, Kryukovskii et al. 40), in order to predict the potential observational signatures of
two dimensional plasma lenses of arbitrary shape.

Our primary goal in this paper is therefore to use wave asymptotic methods to characterize
the effects of astrophysical plasma lensing, develop the resulting formalism that describes the
observational effects of two dimensional plasma lenses that cross our line of sight, and present
some numerical results based on the application of this formalism. We restrict ourselves to
cases in which the source of radiation can be accurately regarded as a point source, and focus
on the effects of plasma lensing on pulsar timing. The paper is divided as follows. In §9.2, we
present what we call the zeroth and first order geometrical optics of two dimensional lenses,
which formally yields infinite flux amplitudes at caustic regions. In §9.3 we use wave asymptotic
methods to construct a second order geometric optics description. In §9.4 we use the concepts
developed in §9.2 and §9.3 to examine the TOA and DM perturbations due to a specific plasma
lens realization, and we summarize conclusions in §9.5. We expect to apply the methodology
presented here to specific events in subsequent work.
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9.2 Zeroth and first order geometric optics

source plane

lens plane

(Tobs, Yobs) i ) observer plane

Figure 9.1: Lensing geometry.

9.2.1 Geometrical picture

We follow the basics of the treatment given in Clegg et al. 11 and Cordes et al. 23 but
extend their results to two dimensions®. We start by defining planes for the source, the lens,
and the observer with coordinates xs, , and @x.ps, respectively, with a source-lens distance
dg, a lens-observer distance d;,, and a source-observer distance d,, = dy + d,,, as depicted in
Figure 9.1. The geometric optics approximation treats the radiation emitted from the source
as a cone of rays, and the effects of lensing can be described by the way the lens affects the
mapping of the rays from the source plane to the observer plane. From the geometry in the
figure, we see that the 2D angle of incidence of a ray into the lens plane 8; and its deviation
angle are given (in the paraxial approximation) by

Ts— T

0, — ¢ 9.1

i (9.1)

0, = M_gi_ (9.2)
dlo

Combining into a single equation in terms of 8,. gives the lens equation,

dio dg dadi,
T (d—io) + Tobs (d_s:> =x+0, ( dlsol ) ) (9.3)

We now define a new set of coordinates x’ as a combination of the source and observer
coordinates scaled by the distances, namely

dio ds
xr = T (d—io> + Zobs (d—si> . (94)

and write the lens equation in the simpler form

STuntsov et al. [61] also gives a two dimensional account.
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' =x+0, (d;’dl") : (9.5)

This expression is perfectly general and not only applies to plasma lensing, but to gravita-
tional lensing as well (Schneider et al. 54). The nature of the lensing is what determines the
formula for the deviation angle 6,.. A general expression for this angle can be obtained with
the additional assumptions that the lens’s surface slope is small, and that the lens’s medium is
uniform. The result of the ray propagating through the lens is that the lens advances or retards
the ray’s phase, depending on whether the value of the refractive index n, is greater or smaller
than unity, because the phase velocity v, will be smaller or greater than c. More precisely, we
can write this phase difference d¢ens as

5¢lens =WT = kCT> (96)

where 7 is the propagation time difference between a lensed ray and an unlensed ray, k = 27/
is the wavenumber and w is the radiation’s angular frequency. By this definition, 7 < 0
implies that d¢iens < 0 and therefore v, > c. For a lens of length [ parallel to the direction of
propagation, this is

r=2(m 1), (9.7)

For a cold, unmagnetized plasma, the frequency dependent index of refraction is given by

2 22
n o= /1 (‘i) ~ 1o Al 9.8)
w T

where w? = 4mn.e?/m. corresponds to the square of the electron plasma frequency, e is the

elementary charge, m, is the mass of the electron, r. is the electron’s classical radius, and n, is

the electron number density, and the approximate equality comes from the fact that w, < w for

w within the radio spectrum. According to geometrical optics, rays propagate in the direction

normal to the surfaces of constant phase (Born & Wolf 5, Ch. 3), so the refractive angle 6, is
given by

1

07» - EV(S(ﬁ]ens. (99)

When the electron column density or dispersion measure perturbation DM = n.[ at the lens

plane varies as a function of transverse position, DM — DM(x), 6, # 0, and lensing occurs.

Putting everything together, the phase perturbation becomes
OPrens(x) = —Ar.DM(x), (9.10)
which implies that the refractive angle is

2 2
AT, c°r,

- VDM(z) =
2

0, = VDM(z). (9.11)

2712

For convenience, we write DM(x) as the product of a maximum perturbation DM, and a
function with unit maximum v (x), and take the origin of the lens plane’s coordinate system
to coincide with the lens’s center. Thus Eq. 9.11 takes the form

Ar. DM,
0, = ———— : 12
() (912
We now define the Fresnel scale as rp = \/Cdsldlo/QstoV, the lens phase as

¢y = —cr.DM;/v, and a new parameter A = r%g¢y, and substitute Eq. 9.12 in terms of these
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new quantities into the lens equation, which yields a more compact form that is specific to
plasma lensing,
' =z + AVY(x). (9.13)

Finally, we define dimensionless coordinates using the characteristic lens scales a, and a,,
such that v, = x/a, and u, = y/a,, and explicitly write Eq. 9.13 in its adimensionalized
8i+j¢ 2
auéaui ’ Y’

component form. Using the notation 1;; =

!/

{ugg]_
; =
Uy

_ { U + Qztrg } . (9.14)

uy + ay¢01

and defining o, , = A/a

Uy + aAzwlo(Uza u,)
Uy + %%1 (Uza uy)

In general, Eq. 9.14 must be solved numerically using a root finding algorithm. More details
on the numerical techniques used to produce the examples presented throughout the paper can
be found in Appendix 9.8. The vector u’(t) changes as a function of time as the Earth, the
lens, and the source move with different velocities, and the nature of this change will partly
determine the observational signature of a specific lens realization. The number of solutions of
the equation corresponds to the number of images of the source as seen by the observer, and
in general vary as a function of w’(¢) and the parameters .

9.2.2 Zeroth order gain

A large majority of the existing literature on plasma lensing (Clegg et al. 11, Pen & King
48, Tuntsov et al. 61, Cordes et al. 23, Er & Rogers 26, Vedantham et al. 63) derives the gain
(or magnification) for an individual image G, directly from some version of Eq. 9.14, and the
total gain is found by adding together the gains of all n images. More specifically, the image
magnification is said to correspond to the absolute value of the inverse of the Jacobian of the

mapping between the u and u' planes, evaluated at a solution to the lens equation w = u?,
Gy =171
= ‘(1 + aptbao) (1 + aythez) — awo‘wal‘ - (9.15)

and the total gain is
G=> G, (9.16)
j=1

We refer to this expression as the “zeroth order” geometrical optics gain. It corresponds to a
sum of intensities, and as such it fails to take into account the interference between the images
that arises from the phase differences of the corresponding fields. An accurate description of
the interference pattern can be obtained by solving the Kirchhoff diffraction integral (KDI),
which we introduce below.

9.2.3 The 2D Kirchhoff diffraction integral

Once we adopt a wave description of the radiation, the scalar wavefield as a function of
position with respect to the source is given by the time independent Helmholtz equation. The
general form of the KDI is a formal solution to the Helmholtz equation (Born & Wolf 5, Ch.
8; Thorne & Blandford 60, Ch. 8). In the paraxial approximation and for the near field, as is
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the case for AU sized lenses and astronomical distances, the integral can be written in terms
of dimensionless coordinates (Goodman et al. 29, Melrose & Watson 44, Cordes et al. 23)

gy

(!, v) = L% / / 2w exp(id), (9.17)

- 2
21T

where the phase ® is the sum of a geometric term and the phase perturbation due to the lens,

5¢lens - Qbow (u) )

1

O(u,u,v) = —
212,

[a2(uy — u))? + ai(uy — u;)2] + Gt (). (9.18)

The integral is normalized such that in the absence of a lens (ie. d¢iens = 0), e(u/,v) =1
for all v’ and v. Analytic solutions to the integral are only available for a few specific forms
of ¢ (Watson & Melrose 64). As detailed in Appendix 9.6, this representation of ® allows us
to write the integral as a convolution of two functions, which can then be solved numerically
by employing the convolution theorem and the Fast Fourier Transform (FFT). However, this
method is only adequate for lenses that have sizes that are a small fraction of an AU and in
cases where |@| is relatively small, because the required grid size for proper sampling grows
prohibitively large as the oscillations of exp(i®) become more pronounced.

An approximate solution that grows more accurate as the strength of the lens increases
follows by applying the method of stationary phase. For a rapidly oscillating two dimensional
integral of the form I(x) = [[ d*xzg(x)explif(x)], the stationary phase lemma (Bleistein &
Handelsman 4) indicates that the principal contributions to the integral’s value come from
the points in which the phase is stationary, that is, where the derivatives of the phase vanish,
fio = for = 0. In the general case where these points * = :1:? are complex, each provides a
contribution to the integral I; given by (Connor 15)

_ 2mig; exp (if;)

I :
Aj

J

7 (9.19)

where f; = f(x9), g; = g(x)), A; = faofor — f1) evaluated at x, and the square root in the
denominator is taken to be positive or negative depending on the context. When the stationary
point is purely real, the contribution reduces to (Bleistein & Handelsman 4, Cooke 17)

_ 2mg; exp [ij + %(@ + l)aj}

[j .
|A;]2

: (9.20)

where 0; = sgn(4;), 6; = sgn(foz), and the square root in the denominator is now taken to be
positive. In the case of the KDI as given in the form Eq. 9.17, the points of stationary phase
correspond to the points that satisfy the two dimensional equation

az(u, — uy)
[ Dy 1 _ ) 7“% + ovo o [ 0 1 (© 21)
@ y _ [y —_— . .
o1 —ay(ur% “ ) + dotbor 0

A quick examination reveals that this is precisely equivalent to the lens equation Eq. 9.14,
given our definitions of the parameters o, ,, which therefore implies that solving the KDI by the
method of stationary phase leads to geometric optics®. Performing the appropriate substitutions

6Tt is also possible to derive the geometric optics quantities by directly solving the Helmholtz equation via
WKB methods (see, e.g. Born & Wolf 5, Ch. 3; Katsaounis et al. 34; Poston & Stewart 49, Ch. 12).
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Figure 9.2: Comparison of the gains obtained from a full numerical solution of the KDI, zeroth
order geometrical optics, and first order geometrical optics. The top panel corresponds to
a lens with ¢ = —50 rad and the bottom panel corresponds to one with ¢g = —250 rad
(thus DM, > 0 in both cases, and the lenses are diverging). The frequency of observation is
v = 0.8 GHz, d,, = 1 kpc, dyg = 0.5 kpc for both the top and bottom panels. For the top
panel, a, = a, = 1.5 x 1072 AU, and for the bottom panel, a, = a, = 1.5v/5 x 1072 AU.
The lens shape is described by a two dimensional Gaussian, 1(u) = exp (—u2 — u2). The left
column shows color maps of the gain obtained by solving the KDI via the FFT. The white
circles correspond to caustic curves, and the straight white line shows the path of the observer
through the u’ plane. The right column shows the gain along this path as calculated via the
FFT method, zeroth order geometrical optics, and first order geometrical optics. The points of
intersection between the caustics and the observer path are marked by white points in the left
column and by dashed black lines on the plots in the right column. The geometric optics gain
at the caustics is formally infinite, so the GO gains were evaluated up to a short distance away
from the caustic.
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in Eq. 9.21, we have that the scalar field €} due to a real stationary point is

5;(’11//, V) = &ylexp Zq)] +
i A2

s

1 (6; +1)oy

_ exp [ifbj + %(5j + l)aj} (9.22)

19
|(1 4 ag)a0) (1 + aythoa) — axay¢%1’2

where now we have A; = ®Poy — D3, 0; = sgn(4;), §; = sgn(Pp2), and all quantities are
evaluated at the stationary points, u = u?. This gives the normalized scalar field due to one
image of the source, with a maximum amplitude

gy

-1
Aj=\TJ1? =57 (9.23)
gAvIE
and an oscillating component with phase
T

The total scalar field due to real solutions of the lens equation is simply the sum of the
contributions from the n real stationary points,

e(u ) =) =Y A (9.25)
j=1 j=1

The gain can then be obtained by taking the squared modulus of this last expression,
G=|e"(u',v) |*. This is the “first order” geometrical optics gain. The presence of the oscillatory
component in each of the images results in interference. As noted above, this is not correctly
captured by Eq. 9.16.

9.2.4 Accuracy and regions of applicability

A curious feature of the phasors that emerge from the stationary phase solutions is that
they include not only the geometric phase ® but also a potential phase shift related to the signs
of the second derivatives at the stationary points. This phase shift is physically associated with
the passage of a ray through a caustic. A caustic corresponds to a surface in parameter space
that yields a null Jacobian, J = 0 (Berry & Upstill 3, Kravtsov & Orlov 39). As we approach
a caustic, A; — oo, and the zeroth and first order geometric optics approximation fail. The
reason for this failure is that the approximations do not take into account diffractive effects
that occur due to the finite frequency of the waves. Caustics also correspond to boundaries
that separate regions in parameter space that contain different numbers of real solutions to the
lens equation.

Figure 9.2 illustrates the difference between the gains obtained from the zeroth and first
order approaches in the case of an overdense (DM, > 0), two dimensional Gaussian lens de-
scribed by ¥(u) = exp (—ui — uz) with equal lens scales, a, = a,. For a fixed frequency of
observation, the wave optics amplification as a function of u’ can be calculated by solving the
KDI using the FFT. The left column shows this amplification as a function of w’ for the range
—5.5 < u/, < 5.5 and two different values of ¢,, -50 rad (top) and -250 rad (bottom). The
white circles correspond to the caustics, and the straight white line denotes the observer’s path
along the plane. The right column shows the zeroth (red) and first (orange) order gains along
the path superposed with the wave optics gain (blue) for both cases.
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From the figure, we can see that unlike the zeroth order approximation, the first order
approach is able to reproduce the wave optics oscillations accurately in bright regions that
contain more than one real solution to the lens equation. However, wave optics also predicts
that in regions with only one real image of the source, the observer should still see an interference
pattern that decays (grows) exponentially as she crosses from the caustic’s bright (dark) side
to the dark (bright) side.

For instance, the Gaussian lens from the figure shows two sets of circular caustics in the
v’ plane. An observer crossing the u' plane through its center will pass through three regions
in which the form of the gain is qualitatively different. Far away from the two caustic zones,
G = 1, and the intensity shows no modulations due to lensing. This corresponds to the
dark side of the outer caustic. As the observer approaches the outer caustic singularity, the
intensity starts showing oscillations whose amplitude grows exponentially, even though there
is still only one real solution to the lens equation. Crossing into the region between the two
caustics, the oscillations’s amplitude reach a peak shortly after the boundary, and the observer
sees three images corresponding to three real solutions to the lens equation. After that, the
amplitude decays and then recovers, peaking right next to the boundary that separates the
bright region from the dark side of the inner caustic. This dark region contains a single,
highly demagnified image of the source, but there is still a hint of an exponentially decaying
interference pattern that disappears a short distance away from the boundary. After crossing
the center, an equivalent pattern is observed in reverse as the observer moves from the inner
dark side to the bright region and then to the outer dark side. Clegg et al. [11], Melrose &
Watson [44], and Cordes et al. [23] studied an analogous lens shape in one dimension. The short
paper by Stinebring et al. [58] presents similar two dimensional plots without the geometrical
optics curves.

In summary, then, although the inclusion of ray interference dramatically improves the
accuracy of the geometric optics approximation, this approach is still unable to reproduce the
correct form of the gain close to the caustic singularity (where it blows up), and on the dark
side of caustic boundaries (where it fails to account for oscillations).

9.3 Second order geometric optics

9.3.1 Complex rays

So far, we have limited our analysis to the case in which coordinates in the u plane, and the
solutions to the lens equation are purely real. In order to reproduce the oscillations that occur
in the caustic shadows, however, it is necessary to extend the analysis to the complex plane.
When two or more real roots of the lens equation merge at a caustic, they reemerge at the dark
side as a complex conjugate pair of solutions to the lens equation that yield a complex phase
&, =P, +1P;. P, > 0 grows as we move farther into the shadow side in parameter space.
From Eq. 9.19, we can write the field ¢ due to this complex conjugate pair as

g5 (u,v) = AeTPiet, (9.26)

where A = a,a, |Ai|_% /r% is the same as in the case of a purely real stationary point (Eq. 9.24),
and 3§ = ®, + /2 — Arg (A) /2. This expression implies that ¢ decreases exponentially as
a function of ®;, whereas £° increases exponentially. The exponentially increasing solution can
be disregarded as unphysical (Kravtsov et al. 38), but the exponentially decaying contribution
can be included as part of the asymptotic approximation to the KDI. Doing so effectively
reproduces the shadow side oscillatory pattern predicted by wave optics, as long as we remain
far enough away from the caustic. At the caustic, the complex conjugate pair of solutions
merge, and A — oco.
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The idea of looking for complex solutions to the lens equation has surfaced in a variety
of contexts. Schramm & Kayser [56] apply the concept to gravitational lensing, and Budden
& Terry [7] apply it in the context of radio ray tracing in the atmosphere. There is also
a direct connection between complex stationary points, the method of steepest descent, and
hyperasymptotics of oscillatory integrals (Kaminski 33, Howls 32).

9.3.2 Caustic location and extent of the caustic zone

In the language of geometric optics, caustics correspond to envelopes of families of rays, and
are formed at the surfaces on which rays cross each other. Determining the parameter values
for ray crossings to occur is, in general, a non trivial problem in more than one dimension and
for an arbitrary lens shape. For a fixed frequency of observation, the necessary condition is
that

(1 + Oéx'lbgo) (1 + Oéyl/J()Q) - axawal =0 (927)

for at least some value of . If this is the case, caustic curves will show up in the u plane, and
their form in the «’' plane can be determined by mapping these curves via the lens equation.
The caustic curves plotted over the colormaps in the left column of Figure 9.2 were constructed
using this method.

On the other hand, for a fixed u' coordinate, the locations of caustics in the frequency line
need to be determined by solving the set of equations

P1oYo1 Yaoo1 o210 9
AuxAuy—i_ Au, + Au, + ¥20%02 — 913 = 0

2
a; \ Au, Au,
— — =0 9.28
(ay ) 1o o1 ( )

for w, where Au,, = ufw — Uz y. The caustics will be located at frequencies Veays, given by

N|=

Vcaus

C dsldloreDMg
21 d o AUy

. C dsldloTeDMg
N 2ndg, A,

o]

Ay

N|=

%1} : (9.29)

ay

evaluated at the solutions of Eq. 9.28 for which the argument under the square root is positive.
Numerical results indicate that the formation of caustics at fixed frequencies, for lenses with
Gaussian-like shapes (with a maximum electron column density at the center that falls off
relatively quickly) occurs when a,, < —1.2 (for the positive DM, case) and o, ~ 0.5 (for the
negative DM, case). If both «, and «, satisfy this condition, two sets of caustics form; if only
one does, just one set appears.

A consequence of this requirement is that larger lenses require larger magnitudes of DM, in
order to form caustics in the «’ plane at a fixed frequency of observation. Thus, small values of
DM, will only lead to caustic formation in cases involving small lenses or highly elongated lenses.
For example, keeping the relevant distances fixed at ds, = 1 kpc and dy = 0.5 kpc, a value of
DM, = £107° pc em™, which corresponds to a lens phase of ¢y ~ F33 rad at 0.8 GHz, yields a
maximum value of a,, ~ 2.4 x 1072 AU for the overdense case and a,, &~ 3.6 x 1072 AU for the
underdense case. Ray crossings for lenses with a,, ~ 1 AU would require a minimum value of
IDM,| &~ 2 x 1073 pc cm™ for the diverging lens and [DM,| ~ 7 x 10~* pc ecm™for the converging
lens, which correspond to lens phases at 0.8 GHz of ¢, ~ —5.8 x 10* rad and ¢, ~ 2.4 x 10* rad,
respectively. Changing the lens-observer distance d,, and source-lens distance dg also leads to
changes in «,,, although not in a very simple way because the value of d;, = d,, — dy also
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Figure 9.3: Caustic curves in the dynamic spectra of underdense (left) and overdense (right)
two dimensional Gaussian lenses for different paths across the u’ plane. The blue caustics
derive from a path with slope m = 1 and y-intercept n = 0, the red caustics have m = 0.5 and
n = 1, the green caustics correspond to m = 0, n = 1.5, and the grey caustics are produced
by m = 0.3 and n = 2. We use a value of DM, = £1072 pc cm™, which corresponds to a
lens phase ¢y ~ F3 x 10* rad. The source-observer distance d,, = 1 kpc, and the source-lens
distance dg = 0.5 kpc in both cases. Both lenses have scales a, = 0.5 AU and a, =1 AU.

factors into the expression. In general, however, if we keep dg fixed at d,/2, increasing d, also
increases a,, and makes caustic formation more likely. The radius of the caustic curves tends
to increase linearly with |ay ,|".

Figure 9.3 shows the caustics in the dynamic spectra of a lensing event for underdense (left)
and overdense (right) Gaussian lenses for multiple paths along the ' plane, constructed by
repeated application of Eq. 9.28 and Eq. 9.29 over a range of ' coordinates. Although the lens
parameters are identical in both cases, it can be seen that flipping the sign of DM, generates
a completely different set of caustic curves, and that the path of the observer through the v’
plane can also significantly alter the caustic shapes.

Caustics will show up as a function of v at a fixed value of u’ if we search within a range of
frequencies that contains a value of v that leads to at least one of the a, , parameters having
a magnitude larger than the required minimum. Since |a, | o< ¥™2, caustic curves in dynamic
spectra, such as the ones depicted in Figure 9.3, will show up only at low frequencies.

In practical terms, it is useful to be able to locate caustics as functions of both ' and
v. Telescope observations made during an observing epoch correspond roughly to observations
made at a fixed u’. Observations with a large enough frequency range would in principle allow
us to see the effects of caustics (under the right circumstances) in a single epoch of observation
if a lensing event is taking place. At the same time, since the coordinates in u’ change as a
function of time, we also expect to see caustic effects in observations made within a narrow
frequency band over a range of epochs.

At a caustic boundary, two or more images of the source appear or merge, depending on
whether the caustic is crossed from one side or the other. In other words, the number of real
roots of the lens equation changes by at least two. The first order geometric approximation
breaks down in the vicinity of the caustic when two or more images of the source become

"An important exception is the underdense (DM, < 0) Gaussian lens with a, = ay, which presents an
infinitely small caustic at the center corresponding to a focus, and a single circular caustic surrounding it.
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indistinguishable from each other. As noted by Kravtsov & Orlov [39], a useful operational
definition for the width of the caustic zone is the boundary at which the absolute value of the
geometrical phase difference |A®,;| between two or more roots is less than 7,

|AD;| S, (9.30)

where 1, 7 are the labels of each of the roots. The number of coalescing images determines the
type of caustic, as it describes the kind of singularity, or catastrophe, that occurs within the
caustic zone.

A number of previous works (Chako 8, Bleistein & Handelsman 4, Cooke 17, Wong 65,
Cordes et al. 23) have dealt with the problem of obtaining the maximum gain within this
region by employing an extension of the stationary phase method to approximate the gain at
the singularity. Although the derived formulae (some of which are presented in Appendix 9.7)
are relatively simple to apply and can be useful for some types of analyses, it is not in general
correct because the geometric optics approximation breaks down some distance away from the
caustic, close to the boundary defined by Eq. 9.30.

9.3.3 Gain inside the caustic zone: catastrophe theory and uniform
asymptotics

Catastrophe theory, first developed by the mathematician René Thom (Thom 59) and sub-
sequently applied to optics by Sir Michael Berry and others (Berry 2, Nye 45, Berry & Upstill
3), provides a useful way of categorizing geometric optics singularities. The basic idea is that
close to a caustic, the phase function can be locally mapped into a standard form that is de-
termined by the number of merging images. This standard form is expressed in terms of a
fixed number of state and control variables, which are related by the mapping to the physical
variables. Solving the KDI for the particular case of this standard form yields a transitional
approximation that describes the gain within the caustic region.

In general, it is very difficult to rigourously construct a mapping that takes the global form
of the phase to the standard form. Instead, the mapping is performed by expanding the phase
in a Taylor series at the point that satisfies both the lens equation and Eq. 9.27, in addition
to rotating and scaling the coordinate system such that it is possible to match the coefficients
present in this form of the phase to the standard form of the catastrophe. This procedure is
described in Kravtsov & Orlov [39], and performed specifically for the case of two dimensional
scattering screens in the context of scintillation by Goodman et al. [29].

Watson & Melrose [64] rely on an analogous procedure to derive the one dimensional tran-
sitional approximation for the case of two merging images, which corresponds to a fold caustic.
The fold catastrophe is the first of the seven elementary catastrophes described by Thom in
his original work, and it is the simplest to model and describe. In the vicinity of the fold, the
phase can be locally mapped to a cubic, and the KDI can be mapped into the canonical integral
(Berry & Upstill 3)

o1~ = [~ a1 (4 6)
= V21 Ai(€), (9.31)

where £ denotes a control variable and ¢ denotes a state variable, and Ai(§) is the Airy function.
The observer sees no real images on the dark side of the caustic, and two images on the bright
side, but the intensity at the dark side does not drop to zero instantly as predicted by first order
geometric optics. For practical purposes, it is possible to adopt this transitional form within
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the caustic region, and revert back to the regular geometrical optics description far away from
the caustic, as in Watson & Melrose [64].

A better, more general solution is to employ the method of uniform asymptotics, as initially
developed by Chester et al. [9], Ursell [62], and Ludwig [42] for oscillatory integrals, and later
explicitly applied to optics and related to catastrophe theory by Kravstov [37] and Kravtsov
& Orlov [39]. This solution enables us to describe the gain in regions both close and far away
from the caustics by the application of a single, global expression that employs the integral
of the standard form associated with the type of catastrophe involved, the derivatives of this
integral, and some combination of the parameters derived from geometrical optics. Close to
the caustic, the expression behaves like the transitional approximation, and far away from it,
it matches the field given by the regular geometrical optics approximation.

Uniform asymptotic expressions for the fold caustic have been derived by multiple authors
starting with Chester et al. [9]%, and in general there are slight variations between each of the
presented expressions. We derive it here in an intuitive manner.

The general scheme consists in starting with an ansatz with the same number of terms
as there are rays involved in the formation of the caustic, one term involving the function
corresponding to the canonical caustic integral, and the rest involving its derivatives. Each of
these terms is multiplied by an unknown coefficient, and their sum is multiplied by a phasor.
For the fold caustic, it is possible to construct the uniform asymptotic simply by starting with
the ansatz and matching the relevant parameters to the geometrical optics coefficients far away
from the caustic, by employing the asymptotic forms of the Airy function and its derivative for
large negative and positive arguments. Thus, for the bright side, we start with an ansatz of the
form,

Ebright (W, V) = X [g1 11010 (€) + galioq(€)]
= V27X [ Ai(€) + g2 A7 (€)], (9.32)

where g;, x, and & are all potentially functions of w’. From Eq. 9.25, we have that the first
order geometrical optics solution in the case of two real rays can be written as

e"(u,v) = A1l + Age'. (9.33)

The asymptotic forms of the Airy function and its derivative for large negative argument
are the well known formulas,

Ai(9) ~ (-6 ¥ oos | 301 = ] (9.34)
AQ) ~ (-6 sin | S-0F - 5. (9.35)

which are obtained by applylng the one dimensional stationary phase method to the integral in
Eq. 9.31. Defining v = 2(—¢)? /3 — /4, using Euler’s identity, and substituting into Eq. 9.32,
we get

] } . (9.36)

ex

Ebright (W, V) = NG {eiv [91(_5)_Tl +1ig2(—=§)

i

—1

= 4+ @ (=) T —iga()

PN

8Also see Ludwig [42], Connor [15], Stamnes [57], Borovikov & Kinber [6], Kravtsov & Orlov [39], Qiu &
Wong [51], Katsaounis et al. [34]
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Matching this to Eq. 9.33, we obtain two sets of equations that can be used to determine
g1, 92, X, and § in terms of the geometrical optics amplitudes A;, and the phases 3. The first
set 1is

1 -1 1
A = = |07 +ig(-)]
1 -1 1
A = == [0 —in(-01]. (9.37)
Solving for g; and g, gives
1 1
= — (A, + Ay (=€)
i 1
= — (A — Ay) (=& 9.38
92 \/5( 1 — A)(=¢) (9.38)
The second set of equations is
X+v = B
X—7 = P, (9.39)

which leads to

1
X = 5(5;+55)

£ = - E (ﬂ{—ﬁ%g)r. (9.40)

Putting everything together, we obtain the uniform asymptotic for the fold caustic’s bright
side,

Epnight (W', V) = v/Te™ | (A + Ap)(—€)TAi(€)
(A = A3) (=) T AV(E)] . (9.41)

The ambiguity in the labeling is resolved by the condition 51 — 53 + 7/2 > 0. The merging
rays will in general have opposite parities, with 37 — ®; = 0 for one ray and 3] — ®; = +7/2
for the other, so this condition is equivalent to ®; — ®5 > 0. Note that even though A; and
A, diverge as they approach the singularity, the quantity (A; + As)(—¢ )i goes to a finite limit,
because & — 0 at the caustic. By the same token, although (—f)_T1 goes to infinity at the
singularity, the quantity (4; — As)(—¢) 7 does not, because A; — Ay — 0.

At the caustic’s dark side, we know from §9.3.1 that far from the singularity, the geometrical
optics field reduces to that of a single complex ray, € = Ae~ %% Therefore, our ansatz no
longer contains Ai'(€). Instead, we have that

Eqark (W, 1) = V2meX gy Ai(£). (9.42)

The asymptotic of Ai(§) for large positive argument is
2 ~3
exp <—§ 2> (9 43)
Ai() ~ ———~. .
© 261\/T
Matching coefficients as before, we obtain x = ¢, { = [%(I)Z} %, and gy = A{i\/i. Thus,
Eqa (W, V) = 2/ AL AQ(€). (9.44)

Again, even though at the caustic A — oo, the expression does not diverge because & — 0 at
the same point.
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9.3.4 Uniform asymptotics in plasma lensing

For the present case of plasma lenses and astrophysical distances, the idealized situation
presented above involving two real images on the caustic’s bright side and no real images on its
dark side does not actually occur, as the lens is not opaque and the immense distances allow
the initial cone of emitted radiation to grow to a size much larger than that of the lens by the
time the two encounter each other. Thus, Egs. 9.41 and 9.44 cannot be applied directly as
given: there will always be at least one real ray involved in the description of the field, and the
total number of rays will always be odd. The more general way of dealing with such a situation
would be to implement the uniform asymptotic for the next catastrophe in the series, the cusp.
The canonical integral in that case is

00 2 4
[cusp(£17£2) = \/%/_ dt €xp |:Z <£1t + &Tt - tZ):| ; (945)

which is related to the Pearcey integral P(&;,&;) (Pearcey 47) by the relationship leusp(&1,&2) =
P*(—+/2€1, —&)/+/m. The observer sees three images in the bright side and one image in the
dark side, which is exactly what happens for the Gaussian lens analyzed in Figure 9.2. The
corresponding ansatz for the bright side of the caustic would then be

8Icusp + aIcusp:|
oe,  PTog |

Finding the unknown parameters g;, §;, and x, however, is not possible via implementation
of the same matching procedure we used above for the fold caustic. One reason for this is that
the asymptotic forms of the Pearcey integral are much more complicated than those of the
Airy integral (Paris 46). Instead, the correct strategy involves obtaining systems of equations
for the relevant quantities by exploiting the correspondence between the phase function of the
canonical integral and the phase function of the KDI at the stationary points, as described in
detail by Connor [16] and Katsaounis et al. [34]. Unfortunately, in the case of cusps and higher
order catastrophes, it is not possible to express all the unknown parameters as a function of
the geometrical optics quantities in a simple form.

For practical purposes, however, this is rarely necessary. Cusps correspond to points in
which three solutions of the lens equation merge. These points are connected to each other by
curves which correspond to fold catastrophes, where only two images merge. Far from these
cusp points, Eq. 9.46 can be written as the sum of the uniform asymptotic for the fold caustic
and the regular geometric optics contribution from each of the n images not involved in the
formation of the fold lines. This also holds for higher order catastrophes. Thus, as long as we
are not too close to catastrophes of higher order, the total field can be written as

E(ulv V) = eiX |:91[cusp(§17 52) + g2 (946)

e(u',v) = ggoq + Z Aje’ﬂ;', (9.47)
j=1
where g4 18 given by Eq. 9.41 or Eq. 9.44 depending on whether we are at the caustic’s dark
side or bright side.

Figure 9.4 shows a comparison between the gain obtained from the FFT and that obtained
using the uniform asymptotic formulas for a slice across the u’ plane, for two different lens
shapes ¢ and lens phases ¢g. Unlike the case of the circular Gaussian lens with positive DM,
depicted in Figure 9.2, the lenses in these figures show cusps as well as folds. In Figure 9.4, both
the elliptical Gaussian with DM, < 0 (top panels) and the ring-like lens with DM, > 0 (bottom
panels) show fold lines interrupted by cusp points at which three roots merge and the curvature
of the fold lines is reversed. The number of images that can be seen varies depending on the
position in the u’ plane and the type of lens. For the negative DM, elliptical Gaussian, the
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observer sees one image in the dark side of the outer caustic zone, three images after crossing
the outer caustic boundary, and five images in the central caustic. For the ring-like lens in the
bottom panels, the number of images is equal to one outside the caustic zones, three inside the
mirrored crescent shaped caustics and in between the two central caustic curves, and five at
the center. Other lens shapes can show larger numbers of images and catastrophes of higher
order. Some examples are shown in Appendix 9.9.

9.3.5 Advantages of second order geometric optics

As long as |¢,| > 1, second order geometric optics is able to produce remarkably accurate
results. Unlike the FF'T method, it can be implemented for essentially arbitrary values of a,,
ay, and ¢y without difficulty. We have applied the second order approach only to the case of
slices across the u’ plane at a fixed frequency of observation, but the equations for the field
hold identically if we were to vary any of the parameters present in the phase function Eq.
9.18. Thus, we can use second order geometric optics to produce accurate plots of the gain
as a function of v at a fixed position in the u' plane. Even for small values of the lens scales,
constructing such a plot using the FFT would be extremely computationally expensive, as it
would require performing two dimensional FFTs at each frequency of observation.

Using the concepts developed so far, we can construct sections of the dynamic spectrum
of a lens event, at least for the case in which these show no cusps. Plots of the gain as a
function of position along a line in the ' plane at a single frequency will then correspond to
horizontal slices of the dynamic spectrum, whereas plots of the gain as a function of v at fixed
u’ coordinates will correspond to vertical slices. This is illustrated further in Figure 9.5. From
the figure, it is also apparent that larger magnitudes of the maximum column density |DM,|
induce faster oscillations in the gain, and the contributions from complex rays in the shadow
sides of caustics become less important.

9.4 Astrophysical applications
9.4.1 TOA perturbations

One of the important potential effects of plasma lensing, in particular with regards to
its consequences to pulsar timing, is the issue of perturbations in pulse arrival times. The
importance of these potential perturbations has been clear for a long time (see, e.g. Cordes &
Wolszcan 24, Cordes et al. 18) and has resurfaced more recently given the potential of PTAs
to detect low frequency gravitational waves (Cordes & Shannon 20, Cordes et al. 21) and in
the context of FRBs (Cordes et al. 23, Dai & Lu 25). Our analysis will rely on examples
that use parameters that are more likely to be relevant for pulsar timing, where the resulting
perturbations are in the order of microseconds, and the distances place the source and lens
inside the Milky Way galaxy. Nevertheless, the same concepts can be applied to the FRB
case by increasing the distances, the lens sizes, and the magnitude of the maximum dispersion
measure perturbations.

Geometry and dispersion

Refraction due to plasma lensing invariably introduces a geometric delay into the time of
arrival of radiation, independently of whether the lensing effect is produced by an underdensity
or an overdensity in the interstellar medium. By Fermat’s principle, an unlensed ray will travel
in a straight line from the source to the observer, and lensing introduces a deviation from this
straight path. Referring to the geometry of Figure 9.1, we can write the magnitude of the
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geometric delay Atg., as
Atgeo = g, (ug — )" + g, (uy — 1)), (9.48)

where the t,, = ai’ydso /2cdgdy, are the geometrical delay coefficients along the u, , axes. The

location of images in the u plane is determined by the coordinates in the u' plane and the lens
equation, so for a given image located at u = 'u,;?, we can express the geometric delay as

Atgeo = tgzaiw%() + tgygzwgl (949)

Independently of the geometric delay, the lens will also introduce a dispersive perturbation

in pulse arrival time due to the plasma’s effect on the radiation’s group velocity v,4. For a cold
plasma, v,v, = ¢?, which means that the dispersive perturbation in the TOA is given by

cr.DM

22

DM

— 4.149ms x VQ%(u), (9.50)
where the second equality applies for a DM, in units of pc ecm™ and v in GHz. If DM, > 0,
the dispersive perturbation will introduce a TOA delay, as the column density of electrons
along the line of sight will increase?. On the other hand, if DM, < 0, the lens will constitute
a “pinhole” in the interstellar medium, and radiation passing through the lens will experience

less of a dispersive delay than radiation traveling outside of it.
The total TOA perturbation for each image At; is simply the sum of the geometric and

dispersive perturbations,

Aty = At + At (9.51)

geo

When DM, > 0, both perturbations are positive, and the total TOA perturbation will be
positive for any combination of parameters, frequency of observation, and position in the u’
plane. On the other hand, when DM, < 0, A¢; can be either positive or negative depending on
the relative magnitudes of At/ , and At ;. For an observer close to the origin of the v’ plane
and a lens with a maximum dispersion measure perturbation at the center of the lens plane,
the maximum TOA advance will occur for solutions to the lens equation that are within the
u plane’s central region, since at these points the geometric delay will be minimum and the
dispersive advance will be maximum. For a fixed position in the «' plane, the magnitude of
the geometric perturbation for an individual image will decrease as v~* (Rickett 52), whereas
the dispersive delay will decrease as v~2, which means that dispersive delays will dominate
geometric perturbations at large frequencies. Geometric delays will grow as a function of
the lens size, but larger lenses do not necessarily increase the maximum dispersion measure
perturbation, so geometric delays acquire more significance as the lens size grows and DM,
stays constant. In general, the magnitude of the total TOA perturbation per image decreases
as a function of frequency.

Figure 9.6 shows a sequence of plots of At along a path through the ' plane for frequencies
of observation 0.8, 1.0, and 1.2 GHz for overdense and underdense Lorentzian lenses with
DM, = £5x 107 pc em™, which gives a lens phase ¢, for each of the frequencies of ~ F1.6 x 10%
rad, 1.3 x 10* rad, and F1.1 x 10* rad, respectively. For the overdense lens sequence in the
top panels, both the geometric and dispersive perturbations are positive. At v = 0.8 GHz, the
geometric contribution dominates over the dispersive contribution, as is apparent by the facts

90f course, it is possible to have a lens function 7 that is both positive and negative depending on u, such
as ¥ (u) = sin(ug) +sin(u,). Thus, this statement is correct only for lens realizations that have ¢ > 0 for all u,
which is the case for all the examples shown throughout this work.



9.4 Astrophysical applications 61

that one, the maximum TOA delay occurs far from the origin of the u’ coordinate system, where
the geometric perturbation is larger than the dispersive perturbation, and two, the minimum
delay in the caustic zone occurs at the origin, where the dispersive delay is maximum and the
geometric delay is minimum. Outside of the caustic region, the delay is negligible. As we
increase the frequency, it can be seen that the difference between the minimum delay at the
center and the maximum delay at the edges of the caustic zone becomes less noticeable, as
the magnitude of the geometric delay decreases faster than that of the dispersive delay. The
maximum number of images produced in the case of the overdense lens is three, and the caustic
pattern is very similar to that of an overdense two dimensional Gaussian like the one depicted
in Figure 9.2.

The bottom panels, corresponding to the lens with DM, < 0, show a different sequence.
This time the maximum number of images (five) is seen along the section of the observer’s path
through «' that is closer to the center of the caustic region, and the caustic curves form cusps
as well as folds. The dispersive perturbation is now negative, and is able to overpower the
geometric delay only in regions close to the origin, where the geometric delay is at a minimum.
Nevertheless, only one of the five images actually shows a TOA advance.

In both the overdense and the underdense case, we see that the total magnitudes of the
perturbations decrease as a function of frequency, and almost no lensing effects are apparent
at 1.2 GHz, although this is more dramatic for the underdense lens than for the overdense one.
Both the size of the caustic zone and the distance between each of the caustic curves decrease
as as a function of frequency, because of the weakening of the lens’s refractive power.

Telescope observations of TOA perturbations during a lensing event

The examples from the previous section apply only to the unrealistic case of measurements
performed at an infinitely narrow frequency band, and ignore the fact that in general a tele-
scope will be unable to resolve individual images. In reality, the incident electric field E(t)
is sampled as a function of time by the telescope’s receiver, and individual pulse shapes are
constructed by taking the Fourier transform of E(t), E(v) = [ dt E(t)e~>™" and transforming
back after filtering E (v) with a bandpass of bandwidth Av, centered on frequency 4. Then,
the electric field measured by the telescope across a single band FEy,.nq can be written as (Cordes

& Wasserman 22)
vo+Avy /2

Evana(t, vo; Av,) = / dv E(v)e*™, (9.52)
vo—Avy /2
The pulse profile for the band can then be constructed by taking the square modulus of Eq.
9.52. The effects of lensing can be quantified as follows. Let an unlensed pulse be described
by a normalized electric field Vy(t) and Fourier transform Vj(v). Then, the lensed pulse over a
band Vj..q will be given by

/ X - vothur/2 7 ’ 2mivt
Vband(u 7t7 VOaAVr) - dlj%(y)g(u 7V)€ 9 (953)

vo—Avy /2

where e(u’, V) is the normalized scalar field from the monochromatic KDI, Eq. 9.17. As we
showed in §9.3, we can accurately and efficiently solve the KDI using second order geometric
optics, by expressing £(u’,v) as a sum of terms of the same form as Eq. 9.47. In practice, Vj(t)
looks like modulated white noise, and the processing of the data captured by the telescope will
involve heterodyning to baseband, coherently dedispersing, and the folding of multiple pulses
to obtain a better signal to noise ratio. Nevertheless, in the context of numerical simulations,
we can get an idea about how lensing events will show up in our data by regarding the unlensed
pulse as a unit impulse at t = 0, Vy(t) = 6(t). Then, Vy(v) = 1, and the deviation of Viang
from V will be exclusively due to the characteristics of the lens and the observing position u’'.
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We can mimic how the perturbation will look in real data by convolving I = |Vband\2 with a
suitable pulse template and adding white noise. The TOA perturbation for each band can be
calculated afterwards using PyPulse!?.

Figure 9.7 shows numerically simulated pulse dynamic spectra, individual image gains and
TOA perturbations, and combined TOA perturbations as a function of frequency for a single
epoch of observation (fixed u’). In the top panel, lensing occurs as a result of an underdensity

with Gaussian shape, ¥ (u) = exp(—u? _“§>7 whereas in the bottom panel, the lens is overdense

with shape ¥ (u) = exp [— (u?z + uz)Q} . The parameters used, listed in the figure’s caption, lead
to caustic formation in both cases. The effects of the lenses in pulse TOAs vary dramatically as
a function of frequency, especially close to the caustics, where the signal to noise ratio can be
observed to increase as the image magnification becomes large, and sharp discontinuities arise
as images appear or disappear.

The case of the underdense lens is especially complex due to the fact that different images
can have either positive or negative TOA perturbations, meaning that the overall pulse TOA
can be delayed or advanced depending on the frequency and epochs of observation, the lens
parameters, and the lens shape. It is a generic feature of underdense lenses that the number of
images tends to decrease as a function of frequency, and thus we expect to be able to observe
multiple imaging events more often at low frequencies than at large frequencies. The size of
the multiple images regions, as well as the distance between caustics, will in general change as
we vary the coordinates in the u' plane, the value of DMy, and the size of the lens.

For the overdense lens in the figure, the region of multiple imaging follows a region of very
large demagnification of a single image, a behavior that can also be observed in the case of
the stochastic Gaussian lens shown in Figure 9.5, and appears to be generic for the case of
Gaussian-like overdense lenses, although more complicated lens shapes can lead to other types
of behavior. The signal to noise ratio in the first region is therefore extremely low, and the
perturbations are dominated by white noise. The region of multiple imaging shows a gradual
increase in the TOA delay as a function of frequency, with the signal to noise ratio increasing
as we move closer to the caustic, after which the lensing effects are minimal. Again, we can see
sharp discontinuities in the behavior of the perturbations at both caustic points.

9.4.2 Dispersion measure perturbations

Modern pulsar timing models and pulsar timing packages like TEMPO and TEMPO2 op-
erate on the assumption that the frequency dependent delay of incoming radiation is purely
dispersive, with the total delay being given by

DM
1%

where DM is in standard units of pc ecm™ and v is in GHz. Physically, DM corresponds to
the total integrated column density of electrons along the line of sight between the Earth and
the pulsar. As discussed in the previous section, a lens changes the dispersive contribution
depending on its characteristic shape and the parameter DM,, but also introduces a geometric
perturbation in the TOAs due to refraction. These perturbations will be different for each image
of the source for the cases in which the lensing is strong enough for ray crossings to occur. Thus,
during a strong lensing event like the ones we have analyzed in this work, the expected v =2
relationship for the group delay will not in general hold. Furthermore, we would expect that
attempts at finding the best value of DM according to Eq. 9.54 will yield different best fit values
and different deviations from the expected v=2 scaling depending on the frequency band. This

0Lam, M. T., 2017, PyPulse, Astrophysics Source Code Library, record ascl:1706.011
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follows from the fact that the nature of the frequency dependence of the perturbations due
to the lens can change drastically as a caustic is crossed, as illustrated in Figure 9.7. This
also means that a lensing event will not necessarily show up in the data as an increase in the
v~* dependence of the residuals, except in cases in which the frequency band across which the
data is being analyzed contains only a single image. A more sophisticated analysis, taking into
account the details involved in the operational determination of DM and the way it changes in
time, as described in Keith et al. [35], is outside the scope of this work.

9.5 Summary and conclusions

We have built on previous works that have studied the phenomenon of astrophysical plasma
lensing in the context of ESEs, scintillations, and FRBs by developing a more general formalism
that applies to two dimensional plasma lenses formed by both underdensities and overdensities
in the ISM, and that can be used to study and predict the many possible ways in which
lensing can affect observational quantities such as pulse intensities and TOAs. We showed that
the geometrical optics method commonly employed in previous works to construct lensed light
curves is unable to properly describe the fluctuations in the gain due to the interference between
multiple source images, and is also unable to properly describe the gain within caustic zones.

By incorporating elements of catastrophe theory and the study of uniform asymptotic ap-
proximations of highly oscillatory integrals, we have developed an enhanced version of geometric
optics that is able to account for such oscillatory features, and that does not break down at caus-
tic curves in which two geometric optic images merge. We showed how this type of geometric
optics can be successfully leveraged to construct the flux perturbations due to a variety of lens
shapes and sizes, overcoming some of the limitations of other numerical approaches. We also
apply some elements of this approach to characterize the possible form of TOA perturbations
due to lensing events.

Our results indicate that there are many ways in which lensing effects can present themselves
to an observer, depending on the lens shape, the magnitude of the electron density’s departure
from the surrounding ISM, whether this departure acquires the form of an overdensity or un-
derdensity, and a series of other parameters such as the lens size, distances, and the frequencies
of observation. The two dimensional model also adds an important degree of freedom in the
form of the observer’s path through the ' plane, something that cannot be correctly accounted
for by one dimensional models. This extra degree of freedom also leads to the appearance of
higher order diffraction catastrophes in parameter space that our approach is presently unable
to accurately model. We expect to solve this problem in future work, as the successful imple-
mentation of uniform asymptotic methods for catastrophes like the cusp can greatly expand
the the volume of parameter space that can be explored accurately in simulations.

Consistent with the results of previous works [29, 44, 64, 58|, we find that lensing effects
tend to be stronger at lower frequencies since the refractive power of plasma is more pronounced
at large wavelengths. We also find our results for the overdense Gaussian lens to be consistent
with results presented in previous works [11, 58, 23, 26|. Unlike these studies, however, we
also analyze underdense Gaussian lenses, and find that their observational consequences are
dramatically different from the overdense case. We also apply the uniform asymptotics approach
to other types of lens shapes that have not been explored in the past.

The increasing accuracy of pulsar timing methods and procedures, as well as the growing
population of pulsars under observation, imply that relatively rare phenomena like lensing
events will be observed more often, and that their impact on the timing residuals will be more
noticeable. Thus, being able to model such events will become increasingly more important.
We expect to apply the methodology outlined in this work to establish whether chromatic
aberrations such as the ones reported recently by Coles et al. [14] and Lam et al. [41] are
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indeed the results of lensing phenomena and, if so, develop a model of the lensing structures
responsible for such occurrences. The concepts developed here also have direct application to
the modelling of ESEs for sources other than pulsars, and it is possible that lensing could be
part of the explanation for some of the mysteries surrounding FRBs, which makes future work
on this topic all the more important.

9.6 Solving the KDI using the FFT

The two dimensional Kirchoff diffraction integral (KDI) introduced in §9.2.3, gives the
normalized wave optics field € as a function of the observer coordinates w’ by integrating over
an angular spectrum of plane waves,

c(u,v) = 220 / / @2 exp(i®), (9.55)

- 2
21T

(I)(ulv u, l/) = 5.2 [ai(ul‘ - u;c)z + a;(uy - u;)z] + ¢0¢(u)7 (956)

with rp the Fresnel scale, a, and a, the lens scales, ¢, the lens strength parameter, and 1 the
lens shape. Given the form of the phase function, the KDI can be written as a two dimensional
convolution integral,

e(u',v) = // dcPuG(u —u',v)H(u,v), (9.57)

where
Az 7
Glu,v) = QWT% exp {27‘% (aiui+a§u§) , (9.58)
H(u,v) = explig,(u)]. (9.59)

From the discrete version of the convolution theorem (Schmidt 53), we have that
e(w',v) = F H{F[G(u,v)]- F[H(u,v)]}, (9.60)

where F and F~! correspond to the discrete Fourier transform and its inverse, respectively, and
- denotes element by element multiplication. Thus, it is in principle possible to solve the KDI
numerically for arbitrary lens shapes using the Fast Fourier Transform (FFT). The technique
is applied for plasma lenses in one dimension by Watson & Melrose [64] and Melrose & Watson
[44], and in two dimensions by Stinebring et al. [58] using code developed by Coles et al. [13],
and we use it in the main text to show that it is possible to use an enhanced version of geometric
optics to reproduce the intensity fluctuations predicted by wave optics.
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Figure 9.8: Left: Colormap of the gain in the u' plane overlaid with the caustic curves in
white and slices along the plane in different colors for two different lens shapes. The points
of intersection between the slices and the caustic lines are marked by points. The top panel
corresponds to a lens with shape ¢(u) = 0.74 (ui + uS) exp (—ui — ug), and parameters a, =
a, = 0.02 AU, DM, = —1.5 x 1075 pc em™, v = 0.8 GHz, d,, = 1 kpc, and dy = 0.5 kpc. The
bottom lens has 1 (u) = exp (—uj — uy), a; = 0.04 AU, a, = 0.05 AU, DM, = —2 x 1075 pc
em®, v = 1.0 GHz, d,, = 5 kpc, dg = 2.5 kpc. In both cases, ¢y ~ 50 rad. Right: Plots of the
gain along the paths shown in the left panel for each lens. Both kinds of lens show folds, cusps,
and higher order catastrophes. The top lens can generate up to nine images of the source,

whereas the bottom lens can produce up to seventeen.

Although useful, this approach suffers from serious limitations. First, it does not give
information about the number of images of the source that can potentially be seen by the
observer or the respective amplifications, phases, and TOAs of each of these images. Second, in
practice the method can only be applied for a restricted range of lens scales a, , and relatively
small values of ¢,. The issue is the grid size necessary to properly sample the oscillations of
the functions G(u,v) and H(u,v). We illustrate this for the former case. Consider a lens with
characteristic scales a, = a, = a. By Nyquist’s sampling theorem, the maximum array index
Nmae that can be sampled along a given axis is given by (Schmidt 53)

2
e

Nimaz = Wa (961)

where Az is the grid spacing in physical units. Now, let u/  be the half-width of the ' plane

max
along either of the axes, and N be the size of the array along that axis. Then, the sampling
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interval can be written as

Ag = Z—maz (9.62)

Setting N = n,,,, and rearranging, we have that the size of the grid along one axis required
to ensure proper sampling is
402 (Up0)*

N = 5
e

(9.63)
This means that if we want to properly calculate the field for a lens with size a = 1 AU
up to u, . =5 and with distances dy = 0.5 kpc, ds, = 1 kpe, and frequency of observation
v = 0.8 GHz, we need N ~ 1.5 x 10°. This might be acceptable for the one dimensional case,
but a two dimensional grid with side of size N is too big for even a modern desktop computer
to handle. A more detailed analysis of sampling constraints and the numerical simulation of
wave propagation using Fourier optics can be found in Schmidt [53].

Perhaps the primary advantage of this numerical strategy is that it does not have any
problem calculating the field at caustic regions for any kind of catastrophe, even the higher
order ones. Figure 9.8 shows the gain obtained using this method for different paths through

the ' plane for a lens that shows higher order catastrophes than the ones in the main text.

9.7 Estimation of the value of the gain at the caustic

For very large values of ¢, it might be desirable in some cases to find the gain due to a lens
using zeroth order geometric optics (Eq. 9.16), since the oscillations due to multiple imaging
will give a value of the flux consistent with the prediction from that equation once we take into
account the frequency resolution of the observations. Close to the caustics, however, the gain
diverges. When ¢, is large and the lens has strong refractive power, the gain can diverge in
such a way that the maximum value occurs extremely close to the caustic, and this value can
be estimated by the an extension of the method of stationary phase.

This estimate has been derived in more than one dimension by just a handful of authors
in the context of asymptotic expansions of integrals, and their results do not necessarily agree
with each other. Here we give two of the published formulas, specifically applied to the KDI,
although we do not derive them. According to Chako [8] and Wong [65], the gain at the
singularity is

G = 2% 1°6) 9.64
T 12yt 3 (9-64)
F | ool [Pos|?
Bleistein & Handelsman [4] and Cooke [17] give a more complicated expression,
a2a? 1. [ 3272\ ¢
Grnan = —2U 1,0 | T2(= : 9.65

where B = ®3 ®g3 — 302, @Dy + 3P P2, Py — B3 D3y, All derivatives of the phase in
both equations are evaluated at the degenerate stationary phase point for which ®9 = ®4; =
Doy Py — P2, = 0 . Some numerical experimentation has determined that both formulas give
similar but not the same results.

9.8 Numerics

The key behind successful application of geometric optics as presented in the main text is the
ability to numerically solve the lens equation, Eq. 9.14. This is essentially a two dimensional
nonlinear root finding problem, with the added difficulties that the number of roots can be
more than one, and that roots can appear or disappear as a function of the input parameters.
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A general method for two dimensional root finding consists in rewriting the system of equations

in the form
{ ggigg } N { 8 } ’ (9.66)

where f(x,y) and g(z,y) are the two equations that must be solved simultaneously. Once this
is done, we can produce contour plots of both equations in order to find the sets of curves
that satisfy f(x,y) = 0 and g(x,y) = 0. The roots of the two dimensional system will then
correspond to the points of intersection of these sets of curves. When implemented properly,
this method allows one to find all the roots of a two dimensional system within a range of values
for x and y. A similar idea was pursued by Schramm & Kayser [55] to solve the lens equation
for gravitational lensing. The disadvantage of this scheme is that it requires the evaluation of
both f(x,y) and g(z,y) in a two dimensional grid that spans the area in which we are looking
for solutions, which can be very computationally expensive if done repeatedly.

Since we are interested in solving the equation at many different points in parameter space,
it is desirable to find a way to solve the lens equation that does not require us to apply the above
algorithm at every single point of the independent variable. We can do this by combining it with
other, more efficient numerical techniques that have been developed for numerical root finding
in an arbitrary number of dimensions. These have existed for a long time, and are available
for a variety of programming languages. In Python, some of these routines are available via
the SciPy!! library’s optimization package. Although more efficient, these algorithms have the
limitation that they rely on the user to input a guess solution that must be close enough to the
actual solution. Furthermore, if there are multiple roots, they will only find the one closest to
the input guess. This means that there is no way to find out exactly how many roots there are
for a particular set of parameters.

Our strategy consists in combining the contour plotting method with the optimization
algorithms in SciPy. First, we find the caustic locations for the range of parameters that we
want to find the solutions of the lens equation for. If we are looking for solutions as a function
of w’, we apply the contour plotting algorithm to find the intersections between the curves in
the u’ plane that satisfy Eq. 9.25 with the line u;, = mu;, +n, where m and n parameterize the
path through the u’ plane. If we are looking for the solutions as a function of v, we apply the
contour plotting algorithm to simultaneously solve the system of equations given in Eq. 9.26.

This step allows us to separate the regions in parameter space that contain different numbers
of solutions to the lens equation. Now, we can apply the contour plotting method again to find
the number of roots at the center of each region. This results in the method being more reliable,
because close to region boundaries, at least two roots will be very close to each other, whereas
they will be maximally separated at the region’s center. After having found the roots at the
center of each of these regions, we find the other roots by iterating forward and backward
in parameter space, using the root finding algorithm from SciPy with the previously found
roots as the input guess solutions. As long as the distance between neighboring values of the
independent variable is small enough, this strategy tends to work. It has the advantage of being
much more efficient than applying the contour plotting method repeatedly, and also allows us
to find the roots up to a very close distance to the caustic. This method has been tried for a
wide variety of lens shapes and parameters, and has been found to be very reliable, especially
for finding the real roots of the lens equation.

In order to find the complex rays, we need to apply a modified version of the above procedure
that does not rely on contour plotting. The reason is that extending the search of solutions
to the complex plane transforms the two dimensional lens equation into a four dimensional
equation, and evaluating four different equations in four dimensional space is not practically

"Jones E, Oliphant E, Peterson P, et al. SciPy: Open Source Scientific Tools for Python, 2001-,
http://www.scipy.org/
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feasible. Instead, we exploit the fact that, as discussed in the main text, very close to the
shadow side of a caustic, the only important set of complex conjugate solutions to the lens
equation is the one that has the smallest magnitude of its imaginary part. The real part of this
complex conjugate set will be almost the same as that of the solution to the lens equation that
intersects with the singularity. Thus, we use SciPy’s root finding algorithm with a value of the
independent variable that falls in the caustic’s shadow side but at the same time is very close
to the singularity, and input the value of u at the caustic as the guess solution. From there, we
can recursively look for complex solutions that are farther away from the caustic in the same
manner as we did for the case of the real solutions.

9.9 More numerical examples and lens colormaps

Figure 9.9: Comparison of the gains obtained from a full numerical solution of the KDI and
second order geometric optics. The left column shows color maps of the gain obtained by
solving the KDI via the FFT. The white circles correspond to caustic curves, and the straight
white line shows the path of the observer through the u' plane. The right column shows the
gain along this path as calculated via the FFT method and second order geometric optics. The
points of intersection between the caustics and the observer path are marked by white points
in the left column and by dashed vertical black lines on the plots in the right column. The top
panel shows an underdense rectangular Gaussian lens with 1(u) = exp (—ui — uf/), lens phase
¢o = 80 rad, and lens scales a, = 1.5 x 1072 AU and a, = 3 x 1072 AU. The bottom panel

corresponds to an underense super-Gaussian lens with ¢ (u) = exp [— (ui + u§)3]7 lens phase

¢o = 120 rad, and lens scales a, = 2.5 x 1072 AU and a, = 4 x 1072 AU. The frequency of
observation is v = 1.4 GHz, ds, = 1 kpc, dyg = 0.5 kpc for both the top and bottom panels.
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Figure 9.10: Individual image TOAs for two different lenses and different paths through the
u’ plane. The left panel corresponds to a square Gaussian lens with ¢ (u) = exp (—ui — ug),
DM, = —5 x 107* pc em™, ds, = 1 kpc, dg = 0.5 kpe, a, = 0.5 AU and a, = 0.6 AU,
The frequency of observation is v = 0.8 GHz, which gives a lens phase of ¢, ~ 1.63 x 10%
rad. The right panel corresponds to a super-Gaussian lens with ¥ (u) = exp [— (ui + uz)z},
DM, = —1 x 107 pc em™, dy, = 5 kpe, dg = 2.5 kpe, a, = 0.7 AU and a, = 1 AU, with
v = 1.4 GHz, and thus ¢, ~ 1.86 x 10* rad. Different colors denote different images, and the
top right subplots show the path of the observer through the v’ plane and the caustic curves.
The maximum number of images in each plot is seventeen and nine, respectively.

1.0
4
0.8 0.8 0.8 08
0.6 0.6 0.6 06
3 3 3 3
04 04 04 04
-2
0.2 0.2 0.2 0.2
-4
0.0 0.0 0.0
0.8 0.8 0.8 0.8
2
0.6 0.6 0.6 0.6 .
3> 0 3 3 3 3
04 04 04> 0.4
-2
0.2 0.2 0.2 0.2
-4
0.0 0.0 0.0 0.0
-5 0 5 -5 0 5 -5 0 5
Ux Ux Ux

-5 0 5
Ux
Figure 9.11: Colormaps of the different types of lensing structures used in the text and ap-
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pendices. Top row, from left to right: Gaussian lens, ¥(u) = exp (—ui — uj), Lorentzian
lens, ¥(u) = W, and super-Gaussian lenses 1(u) = exp [— (ufc+u§)2] and

Y(u) = exp [— (ui+u§)3] Bottom row, from left to right: Rectangular Gaussian lens,

U(u) = exp (—u2 — u), square Gaussian lens, ¢(u) = exp (—uj — uj), ring-like lens ¢(u) =

2.72 (u + u) exp (—u2 — u2), and double lens ¢ (w) = 0.74 (u2 + ul) exp (—u — u?).
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Figure 9.4: Comparison of the gains obtained from a full numerical solution of the KDI and
second order geometric optics. The left column shows color maps of the gain obtained by solving
the KDI via the FFT. The white circles correspond to caustic curves, and the straight white line
shows the path of the observer through the v’ plane. The right column shows the gain along this
path as calculated via the FFT method (blue) and via second order geometric optics (red). The
points of intersection between the caustics and the observer path are marked by white points
in the left column and by dashed vertical black lines on the plots in the right column. The top
panels shows results for an underdense elliptical Gaussian lens with ¥ (u) = exp (—ui — ui),
lens phase ¢y = 100 rad, and lens scales a, = 2 x 1072 AU and a, = 3 x 1072 AU. The bottom
panel corresponds to an overdense ring-like lens with ¢(u) = 2.72 (u2 4 u2) exp (—u2 — u?),
lens phase ¢y = —30 rad, and lens scales a, = 2x 1072 AU and a, = 3x 1072 AU. The frequency
of observation is v = 0.8 GHz, d,, = 1 kpc, dyg = 0.5 kpc for both the top and bottom panels.
The central caustic at the center of both u' planes in the left column occur because a, # a,,
and is known as a structurally stable caustic of primary aberration (Berry & Upstill 3).
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Figure 9.5: Sections of dynamic spectra and slices across them for overdense and underdense
perturbed Gaussian lenses with 1(u) = exp(—u} — u) {1 — A[sin(Bu,) + sin(Bu,)]} and dif-
ferent DM, magnitudes. The left column shows the two dimensional spectrum for both lenses,
with the top row corresponding to the overdense lens and the bottom row to the underdense
lens. The vertical and horizontal lines correspond to the slices across the spectra plotted in
the right column. Caustic intersections are marked by white dots in the left column plots and
by dashed black lines in the right column plots. The overdense lens has a maximum column
density of DM, = 107* pc cm™ and lens scales of a, = 0.1 AU and a, = 0.2 AU, whereas
the underdense lens has DM, = —107° pc cm™, and a, = a, = 0.04 AU. Both lenses have
perturbation parameters A = 1.5 x 1072 and B = 5, source-observer distance d,, = 1 kpc, and
source-lens distance dy = 0.5 kpc. The path through the u’ plane in both cases is a straight
line with slope m = 0.5 and y-intercept n = 2.5.
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Figure 9.6: Timing perturbations of for pulses corresponding to different images as a function of
observer position for overdense (top row) and underdense (bottom row) lenses with DM, = £5x
10~* pc cm™. Different frames in each row correspond to different frequencies of observation.
Both overdense and underdense lenses have a Lorentzian shape with ¢ (u) = W and
z T Uy
lens scales a, = 0.25 AU, a, = 0.4 AU. The distances used were d,, = 1 kpc and dy = 0.5 kpc,
and the path through the u’ plane has slope m = 0.2 and y-intercept n = 0.5. The subplot
in the top corner of each subpanel shows the (blue) caustic curves in the u’' plane for the
corresponding frequency of observation, together with the (green) path of the observer through
the «’ plane. The different colors in the At vs u!, plots trace the timing perturbation for each
individual image.
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Figure 9.7: Pulse dynamic spectra, individual image gains and TOA perturbations, and com-
bined TOA perturbation as a function of frequency for a single epoch of observation for an
underdense lens (top panel) and an overdense lens (bottom panel). The lens in the top
panel has Gaussian shape ¥(u) = exp(—u? — ui), DM, = —7 x 107* pc em™, d,, = 1 kpc,
dg = 0.5 kpc, a; = 0.5 AU and a, = 1.1 AU, and the epoch corresponds to a position
in the «' plane with coordinates v’ = (0.1,0.1). The lens in the bottom panel has shape

Y(u) = exp [— (u2 —|—u§)2}, DM, = 1073 pc ecm™, dy, = 2 kpc, dyg = 1.5 kpc, a, = 0.8 AU,
ay, = 1.1 AU, and v’ = (—1.5, —0.55). The pulse profile contains 2048 bins, and the pulse rep-

etition period is T" = 5 ms, giving an integration time At ~ 2.44 us. The channel bandwidth
is Ay, = 1.5 MHz. We use a Gaussian template to model the pulse shape.
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10 Oscillatory path integrals for radio astronomy by Feld-
brugge, Pen, Turok

Abstract

We introduce a new method for evaluating the oscillatory integrals which describe
natural interference patterns. As an illustrative example of contemporary interest, we
consider astrophysical plasma lensing of coherent sources like pulsars and fast radio bursts
in radioastronomy. Plasma lenses are known to occur near the source, in the interstel-
lar medium, as well as in the solar wind and the earth’s ionosphere. Such lensing is
strongest at long wavelengths hence it is generally important to go beyond geometric op-
tics and into the full wave optics regime. Our computational method is a spinoff of new
techniques two of us, and our collaborators, have developed for defining and performing
Lorentzian path integrals. Cauchy’s theorem allows one to transform a computationally
fragile and expensive, highly oscillatory integral into an exactly equivalent sum of abso-
lutely and rapidly convergent integrals which can be evaluated in polynomial time. We
require only that it is possible to analytically continue the lensing phase, expressed in the
integrated coordinates, into the complex domain. We give a first-principles derivation of
the Fresnel-Kirchhoff integral, starting from Feynman’s path integral for a massless par-
ticle in a refractive medium. We then demonstrate the effectiveness of our method by
computing the interference patterns of Thom’s caustic catastrophes, both in their “normal
forms" and within a variety of more realistic, local lens models, over all wavelengths. Our
numerical method, implemented in a freely downloadable code, provides a fast, accurate
tool for modeling interference patterns in radioastronomy and other fields of physics.

10.1 Introduction

Interference is one of the most universal phenomena in nature. In classical physics, the linear
superposition of sound waves, surface waves, radio waves, light or gravitational waves all exhibit
the same characteristic patterns of constructive and destructive interference. Interference is
also fundamental to quantum physics. The basic quantum amplitudes describing particles or
fields are most elegantly formulated as path integrals — sums over trajectories weighted by the
phase factor /" with S the action and A Planck’s constant. As ubiquitous as interference
and interference patterns are, they are generally hard to compute. The oscillatory integrals
involved are only conditionally and not absolutely convergent, meaning they converge slowly
and artefacts such as dependence on unphysical cutoffs may be hard to avoid. Likewise, if
the integrals are performed iteratively, as is often the only practicable method, conditional
convergence is in general insufficient to guarantee uniqueness, since the order in which partial
integrals are taken can affect the result.

In quantum mechanics, these difficulties run deep. In fact, so far they have thwarted all
efforts to rigorously define nontrivial real-time Feynman path integrals, even in non-relativistic
quantum mechanics [1|. The only available existence proofs involve a Wick rotation from real,
Lorentzian time to imaginary, Euclidean time, which maps the phase factor to a real Boltzmann
weight (for a recent review see, e.g., [2]). Unfortunately, securing mathematical rigour this way
comes at a high price: the system’s dynamics can only be described in imaginary time instead of
real time where experiments and observations actually take place. Analytic continuation back
to real time is often only possible for certain quantities, such as perturbative S-matrix elements
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and, even then, is often hard. Furthermore, for some theories, including general relativity and
quantum condensed matter models with a “sign problem," e.g. the Hubbard model, the Wick
rotation trick does not work.

This paper represents a step towards a new, broadly applicable method for defining and
computing Lorentzian path integrals. Here, we study the interference of relativistic waves,
emitted from coherent sources and propagating through a region in which the refractive index
varies in space, i.e., a lens. As we shall show, the quantum mechanical path integral amplitude
reduces, in this case, to an ordinary, finite dimensional integral.

The study of optical interference patterns dates back over two centuries, long predating
Maxwell’s equations, but remains of enduring interest. Starting in the 1970’s, Berry, Nye
and collaborators studied examples of “diffraction catastrophes” — the characteristic patterns
created by diffraction about each of Thom’s stable caustic catastrophes, and compared intricate
mathematical calculations with beautiful experiments [3, 4, 5, 6, 7]. Recently, the need to
accurately and efficiently compute similar patterns has arisen in radioastronomy where bright,
coherent sources of radio waves like pulsars and fast radio bursts are being detected in rapidly
growing numbers [8, 9, 10]. These objects are beacons lighting up the universe. They will
potentially provide a vast new source of information for astrophysics and cosmology. Typically,
they are lensed by diffuse astrophysical plasmas intervening along the line of sight. Since plasma
lensing is strongest at long wavelengths, this lensing must be modeled in the full, wave optics
regime |11, 12, 13|. Although challenging, such modeling will likely be vital to our ability to
draw precise inferences from these sources [14].

Motivated by this contemporary need, we shall use astrophysical plasma lensing as our main
example. However, as should be clear to the reader, the principles involved are far more broadly
relevant. The interference patterns created by astrophysical plasma lenses and observed over
astronomical or even cosmological distances are governed by exactly the same physics at play
in Young’s double slit experiment or X-ray crystallography. This is both a striking example
of universality in physics and a reminder of how the universe increasingly provides us with a
powerful laboratory for studying fundamental physics.

Spatial variations in the refractive index of astrophysical plasmas can arise due to turbulence
in the interstellar medium or other sources of heating [15, 16]. Pulsar observations have provided
examples where plasma lensing amplifies the brightness of a coherent radio source by factors
approaching a hundred [17, 13, 18]. It has been pointed out that plasma lensing is likely to
play an important role in the phenomenology of Fast Radio Bursts (FRBs) [12, 13|. So-called
Extreme Scattering Events (ESEs), where the brightness of radio sources is seen to change by
factors of a few, are also thought likely to be due to as yet unexplained plasma lensing [19, 20].
Recently, there has been growing interest in the idea that coherent gravitational wave pulses
and trains, emitted from black hole or neutron star mergers, could be gravitationally lensed
and thereby magnified. In this situation it will again be important to go beyond geometric
optics and include wave diffraction [21]. In all these examples, when the line of sight between
source and observer passes through a caustic of a lens, at a given frequency, the observed
intensity may be enhanced leading to a pulse in frequency, time, or both. These situations have
mainly been studied for one-dimensional lenses near fold and cusp caustics [14, 22|. Here, we
shall explore more complex, two-dimensional examples including the swallowtail, elliptic and
hyperbolic umbilic catastrophes which we describe below.

There is already an extensive astrophysical literature on the computation of interference
patterns in wave optics |23, 24|, but published methods tend to converge slowly [25]. They
are expensive to implement and the results are sometimes inconclusive. In this paper, we shall
present faster and more reliable methods. Our approach builds on Picard-Lefschetz theory, a
general, exact approach to multidimensional oscillatory integrals based upon saddle point and
steepest descent techniques (for an introduction [26]; for applications to quantum cosmology,
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see [27, 28, 29, 30, 31| and to relativistic quantum mechanics, see [32]). As we shall show,
our methods allow for the fast and reliable computation of even very intricate “diffraction
catastrophe” patterns. The calculations of these patterns by Berry, Nye and collaborators were
an analytical tour de force, but relied heavily on the particularities of Thom’s canonical “normal
forms” of catastrophes, and the mathematical properties of the related special functions, with
each case treated separately. Unfortunately, while the normal forms represent the correct
universal forms locally, they diverge at large distances. Hence, they are unrealistic as models
for natural lenses. Realistic modeling requires a more versatile method which can be efficiently
and straightforwardly implemented numerically. We present just such a method here.

Our method applies uniformly, with modest restrictions, to generic lens models. It is simple
to implement numerically and computes interference patterns in polynomial time. As far as
we have been able to check, our results agree perfectly with those aforementioned. The only
requirement of our method is that it should be possible to analytically extend the interference
phase into the complexified space of the spatial coordinates over which the integral is taken.
Such functions embrace a very large class of lens models including, for example, any rational
function, and should be more than sufficient for most modeling purposes. For simplicity, we
shall not consider phases which possess branch cuts in the space of complexified coordinates.
However, there are physical cases of interest where such phases do occur and an extension of
our approach to this more general setting is an interesting problem for the future.

Instead of using specific properties of special functions and symmetries, our method exploits
Cauchy’s theorem to exactly transform an integral of an oscillatory phase factor into a sum
of absolutely convergent integrals taken over “Lefschetz thimbles” in the space of complexified
coordinates. These “thimble" integrals are fast to compute numerically, requiring only polyno-
mial time. They are insensitive to numerical cutoffs and may be performed iteratively in any
order with no change to the result. In this paper, we demonstrate the efficacy of our method
by computing the interference patterns for one- and two-dimensional thin lenses. We study
the most observationally accessible catastrophes, both in their “normal forms" and in a set of
more realistic, localized lens models where these catastrophes appear. Our one-dimensional
numerical code, capable of handling generic one-dimensional lenses, is now publicly available
online 12,

A simple example of the type of integral we are interested in is

v

U(p, o, v) = <_>1/2 /OO dz e@”  where ¢(z) = (z — p)* + - (10.1)

T . 1422
Here, ¥ (u, o, v) is the amplitude whose square |¥(u, o, v)|? gives the intensity of light observed
at a position, frequency and lens strength controlled by the parameters i, v and «. The control
parameter y is determined by the transverse positions of the observer and the source relative to
the lens (See Fig. 11.1 and Eq. (11.13) below). The frequency of the waves is proportional to v so
the spacing of interference fringes shrinks as v is increased. The eikonal limit is v — oo. Finally,
a controls the strength of the lens which, in this example, is taken to have a Lorentzian profile.
The integral (11.1) is analytically intractable. However, it is simple to compute numerically,
for reasonable values of v, u and «, using the methods we shall describe below.

In the eikonal limit of large v, only real saddle point solutions — real stationary points of the
phase ¢(x) — contribute significantly to the amplitude. Each one corresponds to a particular
ray. For a < 1 the lens is “weak” and there is only one real solution of 0,¢(z) = 0. Hence there
is only one contributing ray at each value of u. For a > 1, the lens is “strong:” for a finite range
of pu values centred on zero, there are three real solutions of 9,¢(z) = 0 hence three contributing
rays. Correspondingly, one finds three images of the source in this range of y. The values of
p bounding this range mark a transition from three contributing rays (i.e. three real saddles

128ee https://github.com/jfeldbrugge/Picard_Lefschetz_Integrator.
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in the phase) to one. At these values of y, a maximum and a minimum of ¢(x) merge into a
cubic stationary point (i.e. a point of inflexion), creating the simplest “fold” catastrophe. If
we now decrease the strength of the lens a towards unity, the two “fold” catastrophes approach
the point p = 0 where they merge to form a “cusp” catastrophe, in which there is a quartic
stationary point in the phase ¢(z). Since the phase (viewed as a function of z) is flatter in the
vicinity of higher order stationary points, there is less destructive interference. The intensity of
light grows more rapidly as v is increased as compared to the intensity from a quadratic saddle ,
so that “folds” become increasingly bright compared to the unlensed image and “cusps” become
even brighter. While higher order catastrophes are rarer, their brightness makes them easier
to detect. This has encouraged the conjecture, yet to be verified [14, 8, 12, 33, 25|, that the
brightest sources seen may be those which happen to be lensed into high order catastrophes.

In order to emphasize the foundational character of the physics at play and by way of
a pedagogical introduction, we show how the standard Fresnel-Kirchhoff integral (see, e.g.,
Ref. [34], Chapter 8), central to the description of lensing in radioastronomy and in optics'?,
can be derived directly from Feynman’s path integral for a massless particle propagating through
a refractive medium, i.e., one in which the speed of light varies across space. Our main focus in
this paper is on dispersive but non-dissipative lensing, in which the lensing phase factor always
has modulus unity. However, the methods we use may equally well be applied to dissipative
(lossy) lensing, in which the plasma dispersion relation is complex (for a review of dispersion
relations, for example in water or in the ionosphere, see, e.g., [35] Ch. 7). In this more general
circumstance, the “phase factor" over which the Fresnel-Kirchhoff integral is taken has a varying
modulus.

As an illustration of such a case, as well as to provide a foretaste of the use of our method
in describing quantum mechanical interference, in Appendix 11.10 we examine Young’s famous
double-slit experiment. We consider a thin, flat one-dimensional lens which modulates the
intensity rather than the phase of the light passing through it. We model the lens with a smooth
function which allows very little light through except in two narrow regions comprising the slits.
We calculate the resulting interference pattern by deforming the contour onto the relevant
Lefschetz thimbles numerically, observing how different real and complex saddle points become
relevant and irrelevant, as one moves across the observational screen, through an intricate
sequence of Stokes phenomena. Using this smooth lens model, we can also study in detail the
emergence of the classical limit as Planck’s constant A is taken to zero, so that the de Broglie
wavelength becomes small. In this limit we find as expected that only the real, classical saddles
contribute and all interference effects disappear.

Finally, as an aside, we remark that the work presented here represents a step in a larger
program, involving two of us [36] and our collaborators, seeking to rigorously define, calcu-
late and interpret real time (Lorentzian) path integrals, with diverse applications in quantum
physics, both nonrelativistic and relativistic, including quantum gravity and cosmology. We
expect to report further on this work in the near future. Recently, Dunne, Unsal and collab-
orators have pursued a very interesting (and closely related) program in quantum field theory
and quantum mechanics, based upon Euclidean path integrals [37, 38, 39, 40, 41]. See also, the
closely related work of [42], and earlier work of [43].

The outline of this paper is as follows. In Section 11.2 we show how the Fresnel-Kirchhoff
integral and Fermat’s principle follow from the relativistic path integral for a massless particle,
1.€., a spinless photon, moving in a medium with a variable speed of light. In Section 11.3 we

13The integral formula has a fascinating history of successive approximate derivations and subsequent cri-
tiques, reviewed in Ref. [34], Chapter 8. Exact solutions of Maxwell’s equations (or their scalar version) repre-
senting quasi-realistic interference patterns created by diffraction around physical obstacles of various types are
still few in number, and are reviewed in Chapter 11 of the same work. It would be interesting to revisit these
solutions and, perhaps to find others, using the ideas we develop here.
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discuss the Fresnel-Kirchhoff integral for thin astrophysical lenses, putting the answer into a
canonical dimensionless form. We then discuss the intensity in the geometric optics limit, along
with the occurrence of critical points and caustics. We introduce catastrophe theory, describing
the “normal form” of critical points of increasing complexity and their relation to observable
parameters. In Section 11.4 we discuss Picard-Lefschetz theory for a one-dimensional lens —
first in the geometric optics limit and then beyond, to include diffraction. We introduce the
key concept of “flowing” the integration contour into the complex plane, in order to find the
set of relevant Lefschetz thimbles upon which the integral becomes absolutely convergent. We
describe a simple and powerful numerical code which implements this idea. In section 11.5 we
numerically compute the interference patterns of the seven elementary catastrophes, giving a
comprehensive analysis of their “unfoldings.” In section 11.6 we turn to localized lens models,
which are analytically intractable. In section 11.7 we anticipate possible applications to the
study of Fast Radio Bursts, which is an exciting current prospect. Section 11.8 concludes.
Appendix 11.9 provides some instructive background on the simplest (Gaussian) oscillatory
integrals - both one- and two-dimensional, and Appendix 11.10 tackles Young’s famous double-
slit experiment.

10.2 From Feynman to Fermat to Fresnel-Kirchhoff

(WORK OUT THIS!!)

Imagine a bright source emitting coherent electromagnetic waves which traverse an astro-
physical plasma on their way to our telescopes on earth. Let us describe the propagation in
terms of the elementary quanta of such waves, considered to be relativistic particles. The Feyn-
man path integral over these particle’s trajectories in spacetime yields the quantum mechanical
amplitude to propagate from the source to any particular location. The square of the amplitude
yields the intensity, determining the interference pattern in position and frequency. As we shall
see, one or more classical trajectories dominate the amplitude: these dominant trajectories obey
Fermat’s “principle of least time.” For simplicity, we shall ignore polarization effects, taking
the elementary quanta to be spinless. We shall furthermore study only the simplest dispersion
relation for astrophysical plasmas, valid in the high frequency regime — generalizations to more
complex and realistic dispersion relations should be straightforward. Our derivation empha-
sizes the fundamental nature of the physics involved - as we shall show, the Fresnel-Kirchhoff
integral (see, e.g., Ref. [34], Chapter 8, 8.3.3 (28)) follows directly from the Feynman path
integral. We hope the reader will enjoy the directness and economy of this approach compared
to more standard (and cumbersome) derivations based on Maxwell’s equations, or their scalar
counterpart.

We start from the dispersion relation in a tenuous plasma (see, e.g., [35] Section 7.9)

w? = k¢ + wl (). (10.2)

Here, w and k are the angular frequency and wavenumber of the waves, ¢ is the speed of light
and w,(x) is the plasma frequency at position «, determined by the local density of electrons,
assumed to vary across space on scales much larger than the wavelength of the electromagnetic
waves. Notice that (11.2) takes exactly the same form as the dispersion relation for a relativistic
particle whose mass varies with spatial position.
The dispersion relation (11.2) yields a phase propagation speed
wi(x

vp(x) = % =c\/1+ %, (10.3)
which is greater than the speed of light. This should be no cause for concern, as the analogy
with a massive particle assures us, since information only propagates at the group velocity,
v, = Viw whose magnitude ¢, = ¢?/c, is always less than the speed of light.
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The quanta of these waves may be described as relativistic particles, following parameterized
worldlines in spacetime: z#(\) = (ct()\), z(\)). Reparameterizations A — A()\) are generated
by a Hamiltonian, and reparameterization invariance corresponds to the constraint that the
Hamiltonian vanishes, H = 0. The correct expression for the Hamiltonian H may be read off
from the dispersion relation (11.2), using the correspondence p, = (po,p) <> p, = —ih0, =
h(—w/e, k):

H=—pyc+p’c+ I w(x). (10.4)
The first order (phase space) action, with the initial and final spacetime locations of the particle
held fixed, is:

Slx; 2#(0),z*(1)] = /01 d\ (poi’ +p-a —T(NH) . (10.5)

where dots denote derivatives with respect to A, taken to run from 0 to 1 as the the par-
ticle trajectory runs from the initial spacetime point z#(0) = (ct;,@;) to the final point
2#(1) = (cty,xf). The ‘einbein’ 7(\) serves as a Lagrange multiplier enforcing the Hamil-
tonian constraint and ensuring the action is reparameterization invariant (it transforms under
reparameterization so that dA7(\) is invariant). Varying the action with respect to the mo-
menta yields Hamilton’s equations for the momenta pyc* = —i%/(27) and pc® = x/(27).
Varying with respect to 7 yields the constraint H = 0. The energy £ = —pyc is conserved
because the action is invariant under constant translations of the time x°.

In seeking to derive Fermat’s principle, we face a conundrum. If the initial and final times
t; and t; are held fixed, how can the total time ¢; —t; possibly vary? The resolution is that, for
a monochromatic beam, we should fix the initial energy E, not the initial time ¢;. We cannot
fix both because of the time-energy uncertainty relation (which follows from the commutator
[Po, 2] = —ih). The action appropriate to fixing the initial energy is obtained by adding a
boundary term. The latter must be chosen to ensure that the variation of the action is zero
when the initial energy and the final time, as well as the initial and final spatial positions, are
held fixed and the equations of motion are satisfied. The initial time is then free to vary, which
is how Fermat’s principle can arise. The required total action is:

1
S i Bty ) = ua®(0) + [ A (i + p — OVH). (10.6)
0

with H given in (11.4).

Since the action (11.6) is quadratic in the momenta and linear in 7, we can integrate out
those variables. At the relevant saddle, we may use Hamilton’s equations for the momenta,
and the constraint, to obtain a reduced action expressed purely in terms of reparameterization-

invariant quantities:
ty h2 2 x(t
S, [] :—Eti—/ dtw. (10.7)
t;

(HOW IS IT DONE?77777)
Writing ¢; = t; — ftif dt where the final time ¢ is held fixed, we find, up to an irrelevant
constant phase,

tr h2w?(x) T |d] h2w?(x) : xr
— — —p — —_ p g
S, [x] = E/t dt (1 72 ) E/w . (1 72 ) /a: |dz| |p|, (10.8)

7 k3

where, again, we used Hamilton’s equations for the momenta and the Hamiltonian constraint.
Finally, we express the result in terms of the phase velocity (11.3), obtaining

S, [z] = E/mf | (10.9)

. Gl
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Figure 10.1: The geometry of interfering paths passing through a thin lens.

Note that, although the phase velocity ¢,(x) appearing here is always greater than the speed
of light, nowhere in our derivation does any on-shell particle actually travel faster than light.

The reduced action (11.9) embodies Fermat’s principle of least time or, more correctly, the
principle that the time taken is stationary on dominant classical trajectories. The path integral
over all paths, weighted by e*5#//" is the Fresnel-Kirchhoff integral we seek.

As an aside, note that one may, equally well, obtain the result (11.9) starting from the square
root (Nambu-type) action for a particle with a spatially dependent mass m(x), by making use
of the correspondence m(zx) ¢* +» hw,(x), namely

C

Sfa] - —/ttf dt heoy (1)) (1 _ “?2)5, (10.10)

%

where the dot now denotes a t derivative. This action is explicitly reparameterization invariant
from the start. However, it is the action appropriate to fixing the initial time ¢; whereas we need
to fix the initial energy E. As before, we must supplement the action (11.10) by a boundary
term, which turns out to be +E(t; — t;). One can easily check that the identity 0S,/0t; = E
for Hamilton’s principal function S, implies the total action is stationary, provided the desired

boundary conditions and the equations of motion are fulfilled. Using E = hw,/ (1 — @?/ 02)%,
the total action reduces (again, up to a constant phase) to (11.8) as before.

10.3 Evaluating the Fresnel-Kirchhoff integral

(WORK OUT THIS!!)

Consider now a radio wave quantum, as described above, traversing an astrophysical plasma
from its initial position at the source x; = x, to its final position at the observer ; = ..
For simplicity we assume the plasma takes the form of a thin, flat lens, with the phase velocity
cp(x) = ¢, the speed of light in vacuo, everywhere except on the lens (see Fig. 11.1). Let us
redefine the spatial coordinates € — (x, z) to separate out the coordinates in the lens plane
x from the normal coordinate z. The real classical paths are piecewise linear, with a possible
bend at the lens, and the integral over these paths reduces to an ordinary integral over the lens
plane [1]. The path integral amplitude for a (spinless) photon is obtained by integrating over
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all paths weighted by the phase factor e**[2//% obtained from (11.9):

Lobs
U (Xops, Ts) = /dm exp {zw/ |dw|@] ) (10.11)

where we replaced F with hw, w is the angular frequency of the light, and the phase velocity
¢p(x) with ¢/n(x) where c is the speed of light in vacuo and n(x) is the refractive index. For
an astrophysical plasma, as mentioned above, at high frequencu we have n(x) ~ 1 — wﬁ(m)/ w?
where w, is the plasma frequency, given by o.;f,(a:) ~ ne(x)e?/(meey), with n.(x), e, and m,
respectively the local electron density and the charge and mass of the electron in SI units (see
e.g. |13]). We explicitly exhibit the @-dependence since it governs the structure of the lens.
In the thin lens approximation, variations in the phase arise in part geometrically, from
variations in the length of the straight line segments on either side of the lens, and in part
from the passage through the lens. The former are straightforwardly computed using the
Pythagorean theorem in the approximation that the relative horizontal displacements in Fig.
11.1, |%,ps — x| and |xs — x| are much smaller than the vertical distances dj, and dg. The latter
are likewise computed approximately, noting that, to lowest order, the paths pass vertically
through the lens so we may replace [ n.(x, z))dz with X.(x), the electron surface density.
The path integral amplitude then becomes

U (2 ps, Toi V) X /dm exp [12% <(”’ —H) Ze<w>€2)] , (10.12)

d Me€ow?

where d = dgdy,/(dg + dy,) is the reduced distance and p = (Xodjo + Xopsdsr) /dso i a weighted
average of the transverse displacements of the source and the observer. Notice that * — p
depends only on the relative displacements of the source, the lens and the observer, so that the
answer is independent of the choice of origin for the transverse coordinates.

It is convenient to normalize the amplitude by dividing it by the amplitude obtained with
the same geometry but no lens present. We may then write the resulting normalized amplitude
as a dimensionless integral. Redefining @ — ax, u — ap where a is some convenient physical
scale associated with the lens, we set v = wa?/(2¢d) = a®/(2R2) where Rp = (A\d)? is the
Fresnel scale [6]. Notice that, because lensing alters the angle of propagation, the fringe spacing
grows with the distance. Hence, it is the Fresnel scale — the geometric mean of the distance
and the wavelength — rather than the wavelength which should be compared with the source
dimensions to determine whether the interference pattern is observed in the heavily diffracted
(low v) or eikonal (high v) regime. Finally, we define p(x) = —Y.(x)e?d/(m.eoa’w?) to obtain
the normalized, dimensionless amplitude,

N/2
W) = (£)" [ deesliot@mn . with ofwip) = (o P +ele).  (10.13)
R
for an N-dimensional lens. Since v o w, we see that the eikonal limit is high frequency limit.
However, the strength of the lens is controlled by ¢ which is proportional to w=2. Therefore the
lens becomes stronger at lower frequencies where, of course, diffraction becomes important. The
highest magnifications attained involve a playoff between strong lensing, creating effects like
caustics and catastrophes, and diffraction which tends to smear out intensity peaks. Hence,
to model the most interesting regime for astrophysical plasma lenses, one must go beyond
geometrical optics and include diffractive effects.
The intensity corresponding to the amplitude (11.13) is proportional to the probability for
a photon to be detected at u:

I(p;v) o< [0 (psv) | (10.14)
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The observed intensity should be normalized to the energy flux received by the detector, at
each frequency, integrated over all observed p. For a more detailed analysis see [44].

Except in special cases, the Fresnel-Kirchhoff integral (11.13) is not possible to evaluate
analytically. At large v (and with the dimensionless form of the lens ¢(x) held fixed) and in
the geometric optics limit, one can easily model the intensity, as we shall explain. However, the
most interesting regime for astrophysical plasma lenses occurs in the intermediate regime, where
focusing and caustic catastrophes generate bright features whose peak intensity is controlled
by diffraction. In this regime, there are characteristic patterns in the intensity, controlled by
the topological character of the lens. In this intermediate-v regime, conventional integration
techniques typically fail, and it is hard to capture the complex, oscillatory interference pattern
numerically. For example, G. Grillo and J. M. Cordes [25| implemented a procedure based
on Fourier methods but found this technique to generate numerical artifacts. Here, motivated
by our earlier work on Picard-Lefschetz theory, we instead employ analytic continuation and
Cauchy’s theorem to unambiguously define and to evaluate the relevant oscillatory integrals.
We have developed a custom numerical scheme (made available online '.) which is fast and
accurate, and applicable to a generic one dimensional oscillatory integral. A two dimensional
version will be made available shortly. A nice feature of our method is that it typically becomes
more efficient, i.e., its convergence is improved, as the integrand becomes more oscillatory and
difficult to handle via conventional techniques.

10.3.1 The geometric optics limit

In the limit of large v, the Fresnel-Kirchhoff integral is dominated by real stationary points of
the phase function ¢ which, except at special values of u, are well-approximated by Gaussians.
Furthermore, any interference between different stationary points leads to oscillations in the
intensity which, in the limit v — oo, become increasingly rapid. In the geometric optics
approximation, one averages these oscillations away. Physically this averaging occurs through
the incoherence of any realistic extended source, as we explain later. Although this paper
is devoted to the study of interference phenomena, it proves useful to begin by studying the
geometric optics limit.

In the large v (eikonal) limit, we focus on real critical points of the exponent, i.e., those
values of « for which

considered as a function of the parameter p. The critical points are generally smooth complex-
valued functions of p. In the eikonal limit, only the real critical points contribute because
contributions from complex saddle points are exponentially suppressed. The critical points can
be described in terms of the Lagrangian map & : X — M, mapping the points in the base space
x € X =R to points in the parameter space u € M according to the critical point condition

V(@ 1) ee) = 0. (10.16)
The Lagrangian map is determined by the gradient of the phase of the lens:
1
Vad(a;p) = 2(x —p) + Vo) = p=E€@)=z+ V(). (10.17)
The Lagrangian map & determines the optical rays, giving a purely geometric description

of the lens. Every point x is mapped to a point p in the space of observational parameters. In
general, a point p € M might be obtained from several points in & € X, i.e., the Lagrangian

14See https://github.com/jfeldbrugge/Picard_Lefschetz_Integrator.
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Figure 10.2: The Lagrangian map in geometrical optics. The image consists of two single and
one triple image regions separated by a fold caustic at which the normalized intensity spikes.
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map can be many-to-one. The regions in g where each point is obtained from n points in X
are known as n-image regions. In multi-image regions, one adds the intensities due to each of
the contributing paths: performing the relevant Gaussian integrals one finds for the normalized
intensity

2
)= 3, Sl el (10-18)

z€&(p)
with € the pre-image of the Lagrangian map and A, ..., Ay the eigenvalues of the deformation
tensor,
0’¢(wip) _,0&(x)
M;i(x) = L = 10.19
J (m) axl(‘?x] an ( )
evaluated at the relevant critical points @ = (x1,x9,...,zy). Below, we shall study these

multi-image regions in detail, at finite v, where they exhibit intricate interference patterns.

At the boundaries between regions with a different number of images, at least one of the
eigenvalue fields A\; must vanish. At infinite v this leads to an infinite spike in the normalized
intensity map, signalling a caustic. See Fig. 11.2 for an illustration of the Lagrangian map
corresponding to a one-dimensional lens with a single- and a triple-image region. The triple-
image region is separated from the single-image regions by two fold caustics. At the fold caustic
the normalized intensity profile diverges.

Formally, the Lagrangian map & forms a caustic at . € X when the deformation tensor
becomes singular, i.e., its determinant vanishes. However, the X space is generally not observed.
In the space M of observable parameters, the caustic at . appears at the point p. = &(x.).
For one-dimensional lenses caustics occur at isolated points. For higher-dimensional cases, the
determinant of the deformation tensor vanishes on a manifold X, = {x € X||M(x)| = 0} which
is mapped to a caustic set M, = £(X,) in the parameter space. Note that the set M. is generally
not a manifold, as it includes higher order caustics, such as cusps and swallowtails, at which the
variety is non-differentiable and therefore M. is not locally homeomorphic to Euclidean space.
We shall discuss examples of this kind later, but note here that they are exactly the points at
which the lensing integral exhibits the most interesting behaviour.

The geometric optics limit is attained in two stages: at short wavelengths, each real sta-
tionary point corresponds to a distinct image. As the wavelength is increased, each image itself
forms an interference pattern, as illustrated in the Young’s double slit experiment examined
in Appendix 11.10. The limit of short wavelengths, in which phase coherence is maintained,
is often called the eikonal approximation. However, when phase coherence is lost - for exam-
ple, when the source size becomes larger than the spacing of its fringes, interference effects
disappear altogether. This assumption of loss of coherence is implicit in the geometric optics
limit. However, objects smaller than the Fresnel scale are still seen to scintillate, as a result
of coherent interference effects on unresolved scales. This is reflected in the expression stars
twinkle, planets don’t. Interstellar scintillation typically occurs for sources smaller than about
a micro arcsecond, corresponding to the Fresnel angle 0 = /\/d (with A the wavelength and
d the distance from the lens) on the sky. This condition is true for most FRBs and pulsars.
Interplanetary scintillation due to the solar wind is commonly seen for many compact extra-
galactic radio sources at low frequencies [45]. In this case, the characteristic Fresnel angle for
wavelengths of a few meters and distances of an astronomical unit is a fraction of an arcsecond.
Ionospheric scintillation is strongest at the lowest frequencies, and is commonly seen at solar
maximum or at equatorial locations near sunrise or sunset [46], and causes loss of lock in GPS.
The Fresnel angular scale for a screen at a distance of 200km at wavelengths of a meter is 8
arc minutes, causing all celestial sources except the sun and the moon to scintillate.
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Name Symbol K N o(x; )

Maximum /minimum AT 0 1 +°

Fold Ay 1 1 3/3 + ux

Cusp As 2 1 ot /4 + pox? /2 +
Swallowtail Ay 3 1 )5+ p3x® /3 + per? /2 +
Butterfly As 4 1 25/6 + paat /4 + psad /3 + poa® /2 +
Elliptic umbilic Dy 32 @t —3was — pus(at + 13) — pors —
Hyperbolic umbilic Dy 3 2 T3+ X3 — 3T Te — floTo — [11 Ty
Parabolic umbilic D5 4 2 a4 xad + pard + psr? + pews +

Table 1: The unfoldings of the seven elementary catastrophes with codimension K < 4, with
x = (v1,29,...,xy) and g = (1, 2, - . ., fixr). The normal forms are defined as the unfolding
at parameter p = 0, i.e., ¢(x;0).

10.3.2 Catastrophe theory

Catastrophe theory is the mathematical classification of stable critical points. Caustics are
classified by Lagrangian catastrophe theory [47, 48], which is a special application of the general
theory. Given the definition of the Lagrangian map &, the connection between caustics in optical
systems and critical points is not surprising. For one-dimensional functions, the classification
consists only of minima and maxima. The local minima and maxima of a one-dimensional
function are stable, i.e., the addition of a small perturbation merely leads to a displacement
of the critical point. Degenerate critical points are not included, as they are not stable in one
dimension. For example, a cubic critical point decomposes into a minimum and a maximum,
or no critical point at all, when perturbed.

In the catastrophe theory of higher-dimensional functions, degenerate critical points are
included because they are stable. René Thom (1972) proved [49] that the stable critical points
with co-dimension!® K less than or equal to 4 are classified by the seven “elementary catas-
trophes.” These seven singularities suffice to classify the full range of caustics emerging in
three-dimensional lenses. Thom named the seven catastrophes: the fold, cusp, swallowtail, but-
terfly, and the elliptic, hyperbolic and parabolic umbilic. The caustics were in the subsequent
years connected and labeled by the Coxeter reflection groups (Arnol’d [50, 51]). The theory was
subsequently applied to optical interference patterns by Berry and collaborators, and beautiful
experiments were performed [6]. For a more recent theoretical investigation of catastrophe the-
ory and caustics with applications to large-scale structure formation see [52]. Here we briefly
review catastrophe theory and its application to oscillatory integrals.

Table 1 lists the seven “elementary catastrophes” and their unfoldings ¢(x;u). The
unfolding ¢(ax; pu) evaluated at g = 0 is the normal form of the catastrophe, representing the
archetypical form of the critical point near & = 0. We observe that the fold and the cusp
respectively correspond to a cubic and quartic critical point of x. The parameter p represents
the ways in which the caustic can decompose into lower-order caustics. In the case of the fold,
we see that a linear perturbation decomposes the fold into a minimum and a maximum for
i < 0 and no critical point at all for g > 0. The seven catastrophes belong to two families,
classified by their co-rank '°. The A-family is of co-rank N = 1, while the D-family is of
co-rank N = 2. Critical points with higher co-rank have a co-dimension higher than 4, and for
this reason are not included here. The co-rank N and the co-dimension K characterize the
critical point. It generally takes N variables to describe the critical point, and it takes K

15The co-dimension of a caustic is roughly the dimensionality of the singularity. The stable critical points of
a n-dimensional function are completely classified by the caustics with co-dimension smaller or equal to n.
16The co-rank is the number vanishing eigenvalues of the Hessian matrix.
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Catastrophe Symbol I 15} oF

Fold A, 1584 1/6 o1 =2/3

Cusp As 2.092 1/4 o1 =3/4,09 =1/2
Swallowtail Ay 1.848 3/10 o1 =4/5,00=3/5,053 =2/5
Butterfly As 1.991 1/3 01=5/6,00=2/3,03=1/2,04=1/3
Elliptic umbilic Dy 1.096 1/3 o1=2/3,00=2/3,03=1/3
Hyperbolic umbilic Df 0.580 1/3 oy =2/3,00=2/3,05=1/3

Parabolic umbilic Ds 2258 3/8 01 =5/8,00=3/4,03=1/2,0,=1/4

Table 2: The intensity and fringe separation scaling relations for the catastrophes shown shown
in Table 1. At large v the maximum intensity (11.14) is given by I,?* (see the discussion
following Eq. (11.21)) and the fringe scaling exponents are defined in (11.22).

parameters to describe its unfolding. In more prosaic terms, /N is the dimension of the space
of ’s and K is the dimension of the space of u’s.

For each of the normal forms listed in Table 1, the normalized amplitude

N2 [
U(p:v) = (%) / @Y qg (10.20)

forms a caustic at the critical point g = 0. For a detailed analysis including illustrations of the
intensities obtained in each case, see chapter 36 of [53]. As v is increased to large values, the
normalized intensity I(w;v) = |¥(u;v)|? diverges and the scale of the associated diffraction
fringes shrinks to zero according to scaling laws which are specific for each catastrophe. At
large v, the maximum of the intensity is attained near pu = 0 as illustrated, for example, by
the fold singularity shown in Fig. 11.13. The maximum intensity obeys the following scaling
law at large v:

1(0,v) = Iy (10.21)

The constant 3, termed the singularity indez by Arnold (Arnold [51] and Varchenko [54]), is
universal, being invariant under diffeomorphisms and depending only on the topological class
of the catastrophe. It is given, for each case, in the fourth column of Table 2. The scaling with
v is easily seen by examining the corresponding normal form. Setting the unfolding parameter
to zero, i.e., p = 0, in the phases listed in Table 1, one can render the phase of the integrand
independent of v by rescaling the integration variables . For example, for A, we set x = z/*%y.
Taking into account the v-dependence arising from the Jacobian in the integration measure as
well from the prefactor in (11.20), one infers that the amplitude at the caustic scales as vs for
Ay and hence that § = % for this case. For the two dimensional lenses, one has to rescale both
21 and x5 in order to remove v from the exponent but the argument is otherwise the same.
For each of the normal forms of the phase listed in Table 1, one may also analytically
compute the constant Iy, and we provide its numerical value in Table 2. When considering a
class of lens models for modeling purposes (such as the localised models we consider later), it
may be helpful to notice an additional scaling property. At large v, the amplitude is determined
by the form of the phase near the critical point. Indeed, this is how universality arises. For any
lens model which includes a given catastrophe, the leading terms in the Taylor expansion of
the phase about the associated critical point will, after coordinate redefinitions, take the form
of one of the “normal forms" listed in Table 1. Coordinate rescalings are one of the simplest
such transformations, which have a simple effect on any model and on its Taylor expansion
about any critical point. One can easily derive the scaling behavior of the intensity under such
transformations of the lens model. For an A, catastrophe, for example, we may consider a set
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Figure 10.3: The unfolding diagram of the seven elementary catastrophes.

of lens models whose phase ¢(x,0) ~ nilx”“ near x = 0, with a a constant. By rescaling x

we can remove the a dependence from the phase and hence infer that the intensity scales as

a” Physically, decreasing a means increasing the size of the lens, so it makes sense that
the corresponding intensity grows. For a type D, catastrophes we may likewise have a phase
in the form a7t + br122. Again, the a and b dependence can be removed from the phase by
rescaling x; and x5. Hence one can infer that the intensity scales as a1l (As an aside,
note that for D} the normal form used here differs, from that given in Table 1. The two forms
may be shown to be equivalent under a linear coordinate transformation z; = A;;x;, ,7 = 1, 2,
and hence are in the same equivalence class. In the rest of this paper we always use the normal
forms listed in Table 1.)
The pattern of fringes may likewise be shown to scale as

U(p;v) = VP (V7 g, .o V% k), v) (10.22)

where the fringe exponents o;, defined by Berry [4], are also listed in Table 2. The sum of
the fringe exponents, v = Zfil 0;, represents the scaling exponent for the K-dimensional
hypervolume of the diffraction pattern known as the fringe index. All of these exponents are
invariant under diffeomorphisms, making them topological features.

While these catastrophes provide an exhaustive list, the precise forms in Table 1 are unlikely
to arise, since apart from A7, they are completely de-localized, with the strength of the lens
diverging away from the critical point. Later in this paper we shall consider more realistic,
localized lenses which generate catastrophes within them of the listed form. In the vicinity of
such a catastrophe, one can expect the behaviors indicated in Table 2 to hold. Note, however,
that to compute the maximum intensity at such a catastrophe, one must first redefine the
coordinate & to put the exponent locally into the normal form of the catastrophe listed in
Table 1 (this is guaranteed to be possible by the theorems mentioned above), and take into
account the associated Jacobian factor when evaluating the integral.

The seven elementary catastrophes listed above form an intricate hierarchy which unfold
under perturbations according to the unfolding diagram (see Fig. 11.3). As we saw before,
the fold caustic (As) splits under a small perturbation into a maximum and a minimum each
corresponding to an A;. Analogously, butterfly caustic (As) unfolds into a swallowtail caustic
(A4), which in its turn unfolds into the cusp (Asz) and the fold caustic (As). The parabolic
umbilic caustic (Dj;) has a more intricate structure as it can unfold into both the elliptic (D; ),
hyperbolic umbilic (D) and the swallowtail caustic (A4). The elliptic (D;) and hyperbolic
umbilic caustic (D] ) always unfold into cusp caustics (As).

10.4 Example: a one-dimensional lens

Picard-Lefschetz theory, as described for example in [27|, enables us to deform the real
integration domain R of the Fresnel-Kirchhoff integral (11.13) into a set of Lefschetz thimbles,
i.e., steepest descent contours, J; C C each corresponding to a relevant saddle point Z;,

W) = (%)N/ i > / g (10.23)
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Figure 10.4: A comparison of the Gaussian lens (red) and the rational approximation (blue).

The exponent ip(x; p)v evaluated along a steepest descent contour J; has a constant imaginary
part while its real part h = Re[i¢(x; p)r] is monotonically decreasing. As a consequence, the
conditionally convergent oscillatory integral is transformed into a sum of convex integrals.
This is remarkable, as the originally conditionally convergent integral is generally sensitive to
regularization and also, if the integral is performed iteratively, to the order in which the partial
integrals are taken (see Appendix 11.9 for an instructive example). The integrals over Lefschetz
thimbles have none of these ambiguities. It is for this reason that we will interpret the integral
over the sum of Lefschetz thimbles as the definition of the integral taken over the real integration
domain. Once we have identified the correct set of thimbles, we can use conventional numerical
methods to evaluate the integral on each thimble.

We shall describe two distinct methods to obtain the sum of Lefschetz thimbles correspond-
ing to the Fresnel-Kirchhoff integral for a one-dimensional lens. In the first method, we follow
the techniques explained, for example, in Ref. [27]. We start by computing all the saddle points
of the exponent i¢(x; p)v and their corresponding steepest descent and ascent contours . We
subsequently study the intersections of the steepest ascent contours with the original integra-
tion domain to find the relevant saddle points and associated steepest descent contours 7;. This
method is well suited to the Picard-Lefschetz analysis of one-dimensional integrals, for which
we can plot the steepest descent and ascent contours in the complex plane C.

In the second method, we instead flow the real integration domain along the downward
flow of the real part of the exponent, h = Re[i¢(x; p)r|. We show that this downward flow
terminates on the correct sum of Lefschetz thimbles ) . J;. The relevant saddle points are given
by the local maxima of h restricted to this thimble sum 7. Note that this second scheme is
completely determined by the gradient of the h with respect to the real and imaginary parts
of the complexified coordinates &. We do not need to find all the saddle points nor evaluate
the corresponding steepest ascent and descent contours. We moreover do not need to study
the intersections of the steepest ascent contours with the original integration domain. Any
Stokes transitions are automatically taken care of. This method is furthermore ideally suited
to higher-dimensional oscillatory integrals, where the steepest ascent and descent contours are
expensive to evaluate and the intersections are computationally difficult to find.
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10.4.1 Geometric optics approximation

In the introduction to this paper, we discussed a one-parameter family of one-dimensional
localized lenses
o

= 10.24
1422’ ( )

()
with o € R. For plasma lenses, the parameter « follows the dispersion relation o o< w=2 with
w the angular frequency of the source. The longer the wavelength, the stronger the lens. We
restrict our analysis to rational lenses for two reasons:

1. their analytic continuation into the complex z-plane does not contain branch-cuts and
consists of only a finite number of poles,

2. the phase ¢ has only a finite number of saddle points and corresponding steepest-descent
contours.

Picard-Lefschetz theory, however, applies to analytic lenses in general. The lens (11.24) is a
rational approximation to the Gaussian lens

(o) = ae™ (10.25)
which has an essential singularity at infinity on the Riemann sphere and an infinite number of
saddle points in the complex plane. See Fig. 11.4 for a comparison between the two lenses. It is
a wonderful fact that many real-valued functions with intricate structure in the complex plane,
can be well-approximated with a Padé approximation, whose analytic continuation possesses
only a finite number of poles.

As we derived in Section 11.3.1, the Lagrangian map £ of the rational lens ¢,

ox
=2 — ——= 10.26
£x) =2~y oap (10.26)
forms caustics at the real roots of the second order derivative of the exponent
D¢ (z) & () 3z% —1
=2 =24+ 2a0——>==0. 10.27
0z? Ox * a(l + 22)3 ( )

See Fig. 11.5 for the caustic surface in the z-a and the p-a planes. For a@ < 1 no such real
root exists. The lensed image consists of a single-image region. For v = 1 there is a single
real-valued root at x. = 0 with multiplicity two and the corresponding point p. = £(z.) = 0 in
the parameter space M. In the p-a plane, this point is non-differentiable on the caustic set.
This is an example of a cusp caustic. For a > 1 there are two symmetric real roots. These are
examples of fold caustics. For further reference, for o = 2, the two caustics are located at

X, =1{-0.327334...,0.327334 ... }, (10.28)
in the base space X = R. In the parameter space M the caustic appears at
M, =¢(X.) = {+0.206751...,—0.206751... }. (10.29)

The relative normalized intensity of the lens in the geometric optics limit (see Section 11.3.1)
is plotted in figure 11.6. For o = 1/2, the lens does not form a caustic. The normalized intensity
map is finite. For o = 1, we see a cusp caustic at u = 0. For a = 2, we observe two fold caustics
at M, enclosing a triple-image region. The black curves in the triple-image region are the three
contributions corresponding to the three images. The red curve is the sum over the multi-image
regions.
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Figure 10.5: The caustics of the one-dimensional rational lens in the z-a and the p-a plane.
The points in the left panel correspond to the Picard-Lefschetz diagrams in Fig. 11.7. The lines
correspond to the panels in Fig. 11.11.
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Figure 10.6: The normalized intensity in geometric optics, I(u;00) is plotted as a function of
L.
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10.4.2 Finding the thimbles

We now turn to evaluating the full expression (11.23). First, we need to determine which
Lefschetz thimbles contribute. We shall describe two distinct methods, the second of which is
more efficient for numerical purposes.

Method 1: following steepest ascent contours

The exponent

a
1+ 22

id(x; p)v =i | (z — p)* + (10.30)
is imaginary for real ;1 and x. Its analytic continuation has two poles at = +1, and five saddle
points in the complex x-plane, satisfying
99 (; ) 20
—=2(r—p) — ——==0. 10.31
(@) = (1031
For the Picard-Lefschetz analysis we start by writing the analytic continuation of the expo-
nent in terms of its real and imaginary part

ip(x; p)v = h(u +iv; p) + iH(uw + iv; ) , (10.32)

with the complex expansion * = w + v and the real-valued functions h, H. For generality,
we describe the flow of the integration contour in N dimensions. The real part h is, in the
Picard-Lefschetz analysis, known as the h-function. The downward flow of the A-function
i CV — CV is defined by

0 (2)
o\

= —Vauriwh[ya(2)] (10.33)

with the boundary condition yo(z) = z € CV, the parameter )\ in a subset of R, and the
complex gradient defined as

Vasivh = Vyh +iVyh . (10.34)

Note that in defining the gradient, we have assumed a corresponding metric on the space C¥.
In this paper we will always associate CV with R?" and us the corresponding Euclidean metric.
We are of course free to consider different metrics. Given the saddle points we can compute
the steepest ascent and descent contours and intersect the ascent contours with the real axis,
to obtain the relevant saddle points.

Depending on p and « either one or three of the saddle points are real-valued. The lens
thus has both single- and triple-image regions. See Fig. 11.7 for the five saddle points z; and
the corresponding steepest ascent and descent contours. By intersecting the steepest ascent
contours with the real line, we obtain the Lefschetz thimble (plotted in blue). The thimbles
run from r = —oo to x = +00, while passing through the poles at x = .

From the caustic structure in Fig. 11.5 we can distinguish three regimes:

e In the regime « < 1, the lens forms a single image. The corresponding Picard-Lefschetz
analysis yields a single real-valued saddle point. For large |u| there is, in addition, a
relevant complex saddle point. When |u| decreases to 0, the complex saddle point becomes
irrelevant due to a Stokes transition. This phenomenon is discussed in detail in the next
section. For pu = 0, only the real saddle point is relevant. Note that the thimble can for
all © be deformed to the original integration domain R. See the lower panels of Fig. 11.5.



10.4 Example: a one-dimensional lens 93

e For a = 1, the lens contains a cusp caustic at pu. = 0. For p # pu., the Picard-Lefschetz
analysis is similar to the a < 1 regime. The thimble passes through one real-valued and
one complex-valued saddle point. At the caustic 4 = p., three non-degenerate saddle
points merge forming a degenerate saddle point. This is the signature of the cusp caustic,
whose normal form is the quartic function z*. See the middle panels of Fig. 11.5.

e In the regime o > 1, the Picard-Lefschetz analysis splits into three intervals. In the single-
image region, i.e., p in (—oo, —p.) or (p., o0), the Picard-Lefschetz analysis consists of
two relevant saddle points; one real and one complex. At the caustic, the complex saddle
point approaches the real line and merges with its complex conjugate saddle point. This
is the signature of the fold caustic. In the triple-image region, i.e., u € (—pe, f1.), the
analysis consists of three real-valued relevant saddle points. See the upper panels of
Fig. 11.5.

Method 2: flowing the integration domain

We can alternatively obtain the Lefschetz thimble J by flowing the original integration
domain R along the downward flow of the real part h.

Given the downward flow v, for general points z € C, we flow the original integration
domain X to

X, =mn(X)cC. (10.35)

The steepest descent contours J; corresponding to the saddle points Z; are the fixed points of
the flow, 7.e.,

W) = Ti (10.36)

for all A\. When the h-function has saddle point in the complex plane, it follows from Morse-
Smale theory [55, 56 that the flowed contour X, will converge to a set of steepest descent
contours J; as A\ — oo. Since X, is a continuous deformation of the original integration
domain X, it follows that X, converges to the Lefschetz contour, i.e.,

lim X, =J. (10.37)
A—00
When we perform the flow of the original integration domain as a function of the parameter
i, we obtain a family of thimbles. The thimble generally changes smoothly as a function of
p. There are however two ways in which the Picard-Lefschetz structure of the integral can
abruptly change its geometry:

1. If for some u, a few non-degenerate saddle points merge to form a higher order saddle
point, the number of relevant critical points will change. At these points, the integral
U(p;v) forms a caustic. This phenomenon can be described by catastrophe theory (see
sections 11.3.2 and 11.5).

2. When the imaginary part H evaluated in two saddle points coincides for some parameter
1, the two corresponding steepest-descent contours can coincide. At such a parameter
W, the Lefschetz thimbles flip changing the number of relevant saddle points (see Fig. 11.8
for an illustration). This is known as a Stokes transition. The parameters p, for which
this happens form so-called Stokes lines.
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Figure 10.7: The Picard-Lefschetz thimbles for « = 1/2,1,2 as a function of . The red and
black points are the saddle points and poles. The curves are paths of steepest descent and
ascent. The blue ones are relevant, while the grey ones are irrelevant.
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Figure 10.8: The Stokes phenomenon at which the steepest descent contours coincide and the
relevant saddle points change. In the left panel, we have one real relevant saddle point. In the
central panel, we see a Stokes phenomenon. The Lefschetz thimble passes to both a real and
a complex saddle point. In the right pane, we have one real and one complex relevant saddle
point. The Stokes phenomenon occurs when the steepest descent contour of a saddle point
connects with another saddle point.

We study both phenomena in detail in the Section 11.5.

We numerically evaluate the flow X, by approximating X by a set of line-segments and
flowing the endpoints. Since the real part of the analytic continuation of an analytic function
does not have local extrema (this follows from the Cauchy-Riemann equation), all points z € C
flow to poles as A\ — oco. The limit lim,_,o, X, should not be interpreted as a pointwise limit.
We, for this reason, trace the length of the line-segments and add points when neighboring
points move too far apart. We moreover remove line-segments in the neighborhoods of the
poles of the h-function. The contour X, has converged to the thimble when the imaginary part
H is approximately constant along the line-segments.

This idea is implemented by the algorithm:

Algorithm 1 The flow of the contour of one-dimensional oscillatory integrals.

Require: Represent a subset [a,b] of the original integration domain X = R by the reg-
ular lattice p; = a + (Ax with Ax = I’_Ta for some n € Z-p, and the line-segments
(o, p1), (P1,p2), - (Pn—1,Pn)-
while the variance of the imaginary part H on the points p; exceeds threshold 7} do

flow the points: p; — p; — Vh(p;) At

if the h-function evaluated in the point p; is smaller than the threshold 75 then
remove the corresponding line segments

end if

if the length of the line-segments (p;, pi11) exceeds the threshold 73 then

split the line segment into the two lines (p;, pi+§"'“) , (pi+§i+1 , Dit1)-
end if
end while

with the parameters a,b,7T7,7T5,T5 € R, and n € Z~y.

See Fig. 11.9 for the flow of the original integration domain corresponding the rational lens
for « = 2 and = 0. For A = 0 the contour X, coincides with the real line. As X is increased to
1, the original integration domain smoothly flows to the Lefschetz thimble J consisting of three
steepest descent contours J; corresponding to three relevant saddle points z;. By evaluating
the flow for varying o and i, we obtain the Picard-Lefschetz analysis of the lens.
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Figure 10.9: The downward flow of the integration domain. The contour X, for A =
0,0.2,0.4,0.6,0.8,1 is plotted by the black, grey and blue curves. The five saddle points are
plotted in red and the poles are plotted in black.

For multi-dimensional oscillatory integrals, the flow algorithm can be generalized by flowing
the cells of a tessellation of the original integration domain. In this paper, we start our cal-
culations with the tessellation of a rectilinear lattice. For an two-dimensional illustration see
Fig. 11.10.

Algorithm 2 The flow of the contour of multi-dimensional oscillatory integrals.
Require: Represent a subset of the original integration domain X with a regular tessellation
consisting of cells V; spanned by the points p; 1, p; 2, . ...
while the variance of the imaginary part H on the points p; ; exceeds threshold T;
do
flow the points: p; ; — p;; — Vh(p; ;) At
if the h-function evaluated in the point p; is smaller than the threshold 75 then
remove the corresponding cells
end if
if the volume of a cell V; exceeds the threshold 73 then
subdivide the cell into smaller cells
end if
end while

There are various possible implementations of this algorithm. However, it follows from
Cauchy’s theorem that the integral is insensitive to the details of the tesselation employed.
For all reasonable tesselations, the algorithm terminates in a polynomial number of steps as it
scales roughly linearly with the number of simplices. Remarkably, this cost scaling is no worse
than that required by the geometric optics approximation.

10.4.3 Integrating along the thimbles

Given a Lefschetz thimble J for a range of a and u, obtained with either one of the above-
described methods, we perform the resulting integral along the thimble with the trapezium
rule. Given a thimble J represented as a set of line-segments l; = (p;1,pi2), the integral is
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Figure 10.10: Two projections of the numerically obtained two-dimensional thimble 7 in C?
for a two-dimensional oscillatory integral.

approximated by

et (pi,1;p)v + et®(pi,2;p)v
2

U(p;v) ~ Z (pi2 — pi1) (10.38)

)

summed over the line segments. For multi-dimensional oscillatory integrals, we evaluate the
integral on a linear approximation of the integrand on the tessellation of the thimble. Naively,
one might expect to have to compute the Lefschetz contour 7 for every u for which one wishes
to perform the integral. However, since the thimble is a smooth function of u, it suffices to
compute the thimble for a range of u. When integrating, we instead evaluate the integral on
the thimble corresponding to the closest p for which we have evaluated the thimble. Finally, it
should be noted that for increasing v, the support of the integral is increasingly concentrated
around the relevant saddle points. As a consequence we can, for large v, restrict the integral to
the line segments close to the saddle points. It follows from this that the numerical evaluation
of the integral along the thimble becomes more and more efficient as the frequency is increased.
This is in sharp contrast with conventional integration techniques which need to trace many
oscillations of the integrand along the real line.

See Fig. 11.11 for the normalized intensity profiles of the lens evaluated along the thimble
for frequencies v = 50, 100, 500. We observe the following properties of the normalized intensity
profiles:

e In the regime o < 1, the lens leads to a single-image region. The normalized intensity
profile does not oscillate and is moreover independent of the frequency v. See the lower
panels of Fig. 11.11.

e For o = 1, the lens forms a cusp caustic. The caustic corresponds to the peak at p. = 0.
For increasing frequency, v, the peak is enhanced and becomes increasingly narrow. In
the eikonal limit ¥ — oo, the normalized normalized intensity diverges as v'/? at the
caustic p. (see the scaling relations in Table 2). See the middle panels of Fig. 11.11.

e In the regime o > 1, the lens forms a triple-image region which is bounded by two-fold
caustics. We see that the triple-image region (— g, i), with p. = 0.206751 ... for a = 2,
consists of an interference pattern bounded by two peaks at yu = 4pu.. The interference
pattern in the triple-image region is the result of the three real saddle points. The
oscillations in the single-image region result from the interplay between the relevant real
and the complex saddle point. For increasing v, the fringes of the interference pattern
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Figure 10.11: The normalized intensity I(u;v) = |W(u; v)|* for « = 1/2,1,2 as a function of u
for v = 50, 100, 500.
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shrink and spikes corresponding to the fold get sharper and are increasingly enhanced.
For the relevant scalings see Table 2. See the upper panels of Fig. 11.11.

Note that the normalized intensity in the cusp exceeds the normalized intensity in the fold
caustic. This related to the co-dimension of the caustic as described in Section 11.3.2. Moreover
remark that the cusp caustic only exists at a single « for the one-dimensional lens, while the
fold caustic appears for a range of a. Table 2 shows the frequency dependence of the pattern.
Furthermore, note that the normalized intensity profiles at frequency v = 500, for o = 1/2,1,
and 2, are close to the normalized intensity maps predicted by geometric optics (see Fig. 11.6).
In the context of astronomical radio sources, the signal is dramatically enhanced when the
relative position of the observer and the source move through the fold or the cusp caustic of
the lens. One would in this context interpret the p axis as the line traced by the source on
the sky, i.e. u = vt + pg with g the initial position, v the speed of the source in parameter
space and t the time. This amplification of the signal may be relevant as an selection effect for
the recently observed Fast Radio Bursts. Note that if the observed FRBs are indeed the result
of caustics in plasma lenses, we expect the peaks to evolve in a characteristic way and satisfy
specific scaling relations in frequency space. See Section 11.7 for a more detailed discussion.

10.5 The elementary catastrophes

The unfoldings of the seven elementary singularities (see Table 1), form a local description
of lenses near the caustics. We here study the Picard-Lefschetz analysis of the elementary
catastrophes appearing in two-dimensional lenses and evaluate the corresponding normalized
intensity maps using the flow algorithm described above. This analysis is complementary to
the asymptotic analysis described in chapter 36 of [53].

10.5.1 The fold A,

The fold singularity is the simplest degenerate critical point and can be viewed as the super-
position of two non-degenerate saddle points. The Picard-Lefschetz analysis of the unfolding of
the fold singularity is illustrated in Fig. 11.12. For negative p, there are two relevant real saddle
points (see Fig. 11.12a). As p approaches the caustic at p. = 0, the two saddle points merge
and form the fold singularity (see Fig. 11.12b). Note that the fold saddle point emanates three
steepest ascent and three descent curves. The thimble is non-differentiable at the degenerate
saddle point. When p is increased passed the caustic u., the two saddle points move off the
real axis and into the complex plane (see Fig. 11.12c). In this regime only one of them remains
relevant.

The Fresnel-Kirchhoff integral for the fold singularity can be related to the Airy function

U(p;v) = \/g/ ei<%+“x>ydm = 2/ O A3y (10.39)

Note the appearance of the singularity and fringe indices 1/6 and 2/3 as listed in Table 2.
It straightforward to derive the scaling of the amplitude and the fringes, with the change of
coordinates z = v'/3z. The other scaling relations are derived analogously. The Airy function
is a good illustration of the interference phenomenon present in multi-image regions (seen in
Fig. 11.13). The range p < 0, for which the two relevant saddle points reside on the real line
corresponds to a double-image region, where two saddle points lead to an interference pattern.
The range pt > 0 corresponds to a zero-image region in which the amplitude asymptotes to zero
as v — 00.



10.5 The elementary catastrophes 100

~_

(a) 1 <0 (b) 5 =0 (c) >0

Figure 10.12: The saddle points and the Lefschetz thimbles in the complex plane C of the
unfolding of the fold singularity As.

W(u;v) W(u;v)

0.5 1.0 - 0.5 1.0

(b) v =100 (c) v =500

Figure 10.13: The integral ¥ (u, v) for the fold singularity as a function of u for v = 50, 100, 500.

Asymptotics

Using the Picard-Lefschetz diagrams (Fig. 11.12) we can derive asymptotics for the integral
U(p;v). For p > 0 the Picard-Lefschetz analysis consists of a single relevant saddle point
located at 7,/u. The exponent can be approximated around the saddle point by

2
O(w; p) =i +iv/u(e — i)’ + O ((z = iv/i)’) - (10.40)
The saddle point approximation for this point gives an exponential falloff
e*%/ﬁ/zl/
U(u;v) ~ (10.41)

\/§M1/4 ’

This matches the the behaviour in Fig. 11.13.

For 11 < 0, the Picard-Lefschetz analysis consists of two real relevant saddle points located
at r = i\/m . A saddle point approximation around these points gives us the oscillatory
behaviour

P L + ie3 v

/4 )

U(p;v) ~ (10.42)
seen in Fig. 11.13. Observe that wave function becomes increasingly oscillatory and falls off as

a power law W (u;v) o |u|+/4 in the geometric limit v — oo.
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10.5.2 The cusp Aj

The cusp singularity consists of the superposition of three non-degenerate saddle points.
The singularity is of co-dimension K = 2 and has two unfolding parameters p; and us, i.e.,

N i<£+u2ﬁ+u1z)u
U(p;v) = — e\t dz. (10.43)

See Fig. 11.14 for an illustration of unfolding of the cusp caustic and the Picard-Lefschetz
analysis in the (p, u2)-plane.

The the exponent ¢(x; ) has three saddle points z;, given by the roots of the cubic equation
2%+ pox + gy = 0. (10.44)

Depending on p, either one or three of the saddle points are real-valued. The complex-valued
saddle points always come in conjugate pairs since ¢(z; p) is a real-valued function, i.e. real
for real x.

Geometric optics applied to this integral shows that the cusp caustic at (pq,u2) = (0,0)
emanates two fold-lines Ay C M, given by cubic root

3
po = —W|M1|2/3- (10.45)

The fold lines are non-differentiable at the cusp singularity (u1, p2) = (0,0).

In the triple-image region enclosed by the two fold-lines, the thimble passes through three
real-valued saddle points. When approaching one of the fold lines, we see that two of the real
saddle points merge and move in the complex plane. Only one of the two complex saddle
points remains relevant to the integral. This is analogous to the behavior observed in the
analysis of the fold caustic. At the cusp saddle point at (i1, pu2) = (0,0) all three saddle points
merge at the origin. Finally, note that the single-image region consists of three subregions, for
which the Picard-Lefschetz analysis either consists of one or two relevant saddle points. These
subregions are separated by two Stokes lines (red dashed lines in Fig. 11.14). Along these lines,
the Lefschetz thimbles flip while the saddle points remain separated. The Stokes lines can be
found by equating the imaginary parts of the exponents evaluated at the saddle points, i.e.,

m[i(2;; )] = Imfig(&;; o) (10.46)

for ¢ # j. For the unfolding of the cusp, we see that the Stokes lines are described by

fi2 = a2, (10.47)

3/3v3 -5
34 222
2
for 3 < 0 and po. Note that the amplitude across a Stokes line is smooth, even though the
saddle point structure changes abruptly. The Stokes lines can be interpreted as the points for
which the saddle point approximation of the integral fails.

Numerics

Given the Lefschetz thimble, we can numerically evaluate the amplitude (see Fig. 11.15). In
the eikonal limit ¥ — oo we observe the emergence of a fold-line (A;) with a sharp exponential
falloff in most of the single-image region and the power-law falloff in the triple-image region.
We also see the emergence of a cusp caustic at the origin with a power-law falloff along the line

{p = 0}.
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M1

N

N

Figure 10.14: The cusp singularity in the unfolding p-plane. The black curve is the fold line
separating the single-image region (upper region) from the triple-image region (lower region).
The dashed red line is the Stokes line. We observe that the Stokes transition corresponds
to one complex saddle point becoming (ir)relevant, and that the caustics correspond to the
superposition of real non-degenerate saddle points. The upper region is a single-image region
since there is only one real relevant saddle point. The lower region is a triple-image region since
there are three real relevant saddle points.



10.5 The elementary catastrophes 103

0.4f 1 0.4l ] 04

0.2 0.2 0.2

0.0 0.0 0.0
-0.2f ] -0.2} ] —0.2f [/
o~ N N Y/
= = Q AN

oal I oal \' | ol
06 \ ‘ 06 0\ ' '1‘ 06

-0.8 \\ : ' i -0.8[ \\ ’l ] -0.8

-1.0[ ~\ ,,,,,,,,, " L] g0l AL M1 ol AR,
-04 -02 00 02 04 -04 -02 00 02 04 04 -02 00 02 04
11 H1 H1
() v = 50 (b) v = 100 (c) v = 500

Figure 10.15: The normalized intensity I(p;v) for the cusp caustic for v = 50,100 and 500.

Asymptotics

The Picard-Lefschetz diagrams (Fig. 11.14) allow us to derive limiting behaviour for ¥(u; v).
From the functional form of ¢(z; ) along the line {y; = 0}, i.e.,

or?

we observe that one of the relevant saddle points is located at the origin x = 0. For uy > 0
this is the only relevant saddle point, whereas for ps < 0 it is one of three real relevant saddle
points.

In the case s > 0, we find that the single saddle leads to a power-law

U(x; p) = \/g / T e = V2(—ips) (10.49)

which in the normalized intensity corresponds to the falloff

2
I(z;p) = [O(a; p)]* = —
M2
independent of the frequency. This feature is absent in the unfolding of the fold caustic.
For py < 0, the Picard-Lefschetz analysis consists of three real relevant saddle points located
at £,/ and 0. The exponent at the saddle point ++/—pus can be approximated by

(10.48)

(10.50)

2

Olws i) = =E2 — (/=) + O ((w = v/=pa)?) (10.51)

In the saddle point approximation,

) & —(=1)*M 4 (1 + i)e i
U(p;v) = V2 Ner . (10.52)

The normalized intensity I (u; ) thus oscillates in po with increasing frequency with power-law
suppression
2
I(p;v) o —. (10.53)
2
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Along the line {p2 = 0}, the Picard-Lefschetz analysis consists of two relevant saddle points,

one real and one complex. The real relevant saddle point is located at ¥ = —u}/ 5, giving the

oscillatory behaviour

(_1)1/46—1';1411/31/

U(p;v) = V2 : (10.54)
—V3p,"
so that the normalized intensity again falls off as a power-law
I(psw) = W)~ 207" (10.55)

10.5.3 The swallowtail A,

The swallowtail singularity is more complicated, as it consists of the superposition of four
non-degenerate saddle points. The singularity is of co-dimension K = 3 and has three unfolding
parameters piq, o and ps, i.e.,

v [~ i(£+u3£+u2§+u1x>v
U(p;v) = - e\s s dx . (10.56)

See figures 11.17 and 11.18 for an lustration of unfolding of the swallowtail caustic and the
Picard-Lefschetz analysis in the (1, po, 113)-space.

The analytic continuation of the exponent i¢(z; u)v has four saddle points Z;, given by the
roots of the quartic equation

o+ psr® + pox +py = 0. (10.57)

Depending on u, either zero, two or four of the saddle points are real-valued. The complex-
valued saddle points always come in conjugate pairs since ¢(z; p) is a real-valued function.

Geometric optics applied to this integral shows that the swallowtail caustic at p = (0,0, 0)
emanates a cusp-line and a fold-surface (see Fig. 11.16). The fold-surface (the yellow surface
in Fig. 11.16) is given by

Ay = {(3u* + v’v, =40’ — 2uv,v)|(u,v) € R’} C M (10.58)
satisfying the two constraints

do(z;p) Pz p)
= 0, — 7 = 0. (10.59)

The cusp-line (the black curve in Fig. 11.16) lays on the fold-surface and is given by
Ag = {(=3t*, 8%, —6t*)|t c R} C M (10.60)
satisfying the three constraints

do(z;p)
Td

d*p(x; p)
dz?

d*p(x; p)

=0
’ da3

=0. (10.61)
Note that the caustics are symmetric in the (u, u3)-plane and that caustics only appear for
negative 1. This aids our analysis, since we can consider the three-dimensional swallowtail
unfolding as a one parameter family of unfoldings in the {u3 = const} planes.
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Figure 10.16: The swallowtail singularity in the unfolding space (p1, o, 13). The yellow surface
is the fold surface separating the single- double- and triple-image regions. The black line is the
cusp line, along which we find the cusp saddle points.

In figures 11.17 and 11.18 we plot three slices of the fold-surface and cusp-line for puz3 = —1,0
and +1. For pu3 = —1 we obtain the characteristic swallowtail shape in the fold-surface with
the cusp-line intersecting at the tips, which gives the singularity its name. For pu3 = 0 we see
the actual swallow caustic. The slice u3 = +1, is simpler as it does not contain intersections
with the cusp-line and only consists of the fold-surface separating two regions.

Given the caustics of geometric optics, we can evaluate the Lefschetz thimble. It again
suffices to study the three cases p3 < 0,3 =0 and pg > 0:

e We start by analysing the saddle points in the pu3 = —1 plane (Fig. 11.17). The Picard-
Lefschetz analysis for the enclosed region in the middle of the circle consists of four
relevant real saddle points. This is a quadruple-image region. Note that multiple-image
regions for localized lenses always consist of an odd number of images. In such lenses, the
swallowtail will in practice always appear near another caustic such as a fold.

Starting from the quadruple-image region and moving through the fold-line on the left,
we observe that the two central saddle points merge to form a fold saddle point. The two
saddle points subsequently move in the complex plane, one remaining relevant. Since this
region corresponds to two real saddle points it is a double-image region.

Again, starting from the quadruple-image region and moving in the vertical direction,
we observe that two of the outer saddle points merge to form a fold saddle point and
subsequently move into the complex plane. The resulting Picard-Lefschetz analysis again
consists of three relevant saddle points; two real and one complex. This again is a double-
image region. If we, however, move from this double-image region to the double-image
region on the left of the quadruple-image region, we pass through two Stokes lines, at
which the complex saddle point switches from relevant to irrelevant. The Stokes lines are
defined by

Im[i(z;; )] = Imfig(&; 1) (10.62)
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Figure 10.17: The Picard-Lefschetz analysis of the unfolding of the swallowtail (A,) singularity
at p3 = —1. The number of real saddles gives the number of images in geometric optics.
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for i # j. Note that the Stokes lines can be associated with the cusp caustic at the tips
of the fold-line. Note that the three relevant saddle points merge at these tips, to form a
cusp saddle point.

Finally, if we move from the quadruple-image region along the line py = 0 to the right,
we pass through the intersection of the fold lines. At this point, both the left and right
two real saddle points merge to form a ‘double’ fold caustic. After passing this point,
the four saddle points move in the complex plane. The Picard-Lefschetz analysis consists
here of two relevant complex saddle points. This is a zero-image region (which will not
be realized in localized lenses). If we pass from the double-image region to the zero-image
region, we again observe a fold caustic in which two relevant real saddle points merge and
move in the complex plane. This completes the analysis of the unfolding of the swallowtail
caustic at puz = —1.

e For pu3 = 0, the geometry of the fold-line is simpler as the quadruple-image region has
merged into the swallowtail caustic at the origin (see Fig. 11.18a). The Picard-Lefschetz
analysis of this slice is largely similar to the one at u3 = —1. The double-image region
(including the Stokes lines) has been deformed but is otherwise the same. The zero-image
region is also unchanged. However, the intersection of the two fold-lines is replaced by the
swallowtail saddle point at the origin of in the (p1, p2)-plane. Since this saddle point is the
superposition of four non-degenerate saddle points, the amplitude integral is enhanced.

e For pu3 = +1, the geometry of the caustics is depicted in Fig. 11.18b. The fold-line
separates the zero-image region on the right from the double-image region on the left.
Since the Picard-Lefschetz diagram in the zero-image region consists of four complex
saddle points — two of them being relevant — there exist two distinct ways in which we
can pass to the double-image region; either by merging the two saddle points on the left
or on the right (see upper and lower diagram). The transition between these to takes
place at the origin, where the four saddle points are located on the imaginary axis. The
double-image region consists of three subregions. The rightmost Stokes lines at puz = 0
(see Fig. 11.18a) have partly moved into the zero-image region.

By patching the Picard-Lefschetz analysis at us = —1,0 and +1 together, we obtain a
complete description of the unfolding of the swallowtail singularity in the (1, ps, ps)-space.
Note that the Stokes lines obtained in figures 11.17 and 11.18 are intersections of Stokes-
surfaces, which together with the fold-surface partition the u-space.

Numerics

Given the Lefschetz thimble, we can numerically compute the normalized intensity map of
the lens (see Fig. 11.19). The left, central and right panels depict the normalized intensity
I(p;v) for pg = —1,0 and +1. The upper, middle and lower panels depict the different
frequencies v = 50, 100 and 500.

We observe that for v = 50, interference is a dominant feature of the geometry of the caustic.
The images are blurry and the geometry of the swallowtail is not resolved (Fig. 11.19a). We do
observe the power-law falloff associated with the cusp singularities, which contrasts with the
exponential falloff of the fold singularities.

In the eikonal limit ¥ — 0o we observe the emergence of a fold-line (A;) with cusps (As).
For v = 500 the swallowtail structure at u3 = —1 is fully resolved. Note the difference in
normalized intensity between the double- and quadruple-image regions. As the frequency v is
increased we observe that the enhanced flares, in the double-image regions, corresponding to
the cusp caustics get thinner. However, note that they are independent of the frequency v.
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(b) uz = +1

Figure 10.18: The Picard-Lefschetz analysis of the unfolding of the swallowtail (A,) singularity
at p3 = 0 and +1. The number of real saddles gives the number of images in the geometric
optics approximation.
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Figure 10.19: The normalized intensity, (u; V), of the unfolding of the swallowtail caustic (Ay)
sliced by the surfaces {us = —1}, {us = 0}, {us = +1} (respectively the left, central and right
panels) for the frequencies v = 50,100 and 500 (respectively the upper, the middle and lower
panels).
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10.5.4 The elliptic umbilic D,

The caustics described above were part of the A-family. They are of co-rank 1 and can be
described by a one-dimensional integral. This should be contrasted by the D family which is
of co-rank 2 and can only be studied in two-dimensional integrals.

The elliptic umbilic D, is a singularity with co-rank 2 and co-dimension K = 3. The
unfolding is described in terms of the three unfolding parameters (pu1, p2, pt3). We consider the
interference pattern emerging from the integral

\I/(u; l/) — %/RQ ei(x?*35‘7”%*MB(I%JFI%)*MM*MM)delde' (1063)

The analytic continuation of the exponent i¢(x; p)v has four saddle points z;, given by the
roots of the two quadratic equations

31’% - 31‘% —2uzry — pp =0 (10.64)
—6[E1£L’2 — 2M3$2 — U2 = 0. (1065)

Depending on p, either two or four of the saddle points are real-valued. The complex-valued
saddle points always come in conjugate pairs since ¢(x; ) is real-valued for real x. Solving
this set of equations for p; and us we obtain the Lagrangian map as a function of us,

Eus (1, 2) = (322 — 323 — 2wy 3, —275(311 + u3), i3) - (10.66)

In the geometric limit, we form a fold-surface and three cusp lines. The fold-surface in base
space X = R? is given by

AX (1) = { (% cos §, % sin 9) 0 € [, 27r)} (10.67)

which is a cylinder with radius %2, satisfying the equation

M| =0, (10.68)
where the deformation tensor is given by
920 (x:
M= M (10.69)
iy |, 1,
i 61’1 — 2[13 —6ZL‘2
= ( 62y 62y - 2%) . (10.70)

The three cusp-lines are straight lines and lay on the fold-surface,

2 2 4 4
A () = {(%,0) , (% cos ?ﬂ’ %sin g) , <% cos ?ﬁ’ %sin %)} (10.71)

in the X space.
In M space, after being mapped by &,,, the elliptic umbilic point is located at the origin.
The fold-surface is given by

2 2 2
Ay = { <%(:F2 cos 0 + cos(26), —%(:I:l + cos(0)) sin(0), :I:ug) ‘9 € [0,2m), us € R}
(10.72)
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(a) Elliptic umbilic D (b) Hyperbolic umbilic D}

Figure 10.20: The elliptic (D, ) and hyperbolic umbilic (D) singularity in the unfolding space
(1, pi2, pi3). The red and blue surfaces are the fold-surfaces corresponding to the eigenvlaue
field \; and A, separating the single- double- and triple-image regions. The black lines are the
cusp-lines, along which we find the cusp saddle points.

where the two branches corresponding to + correspond to two disconnected pieces corresponding
to the two eigenvalue fields of M. The cusp lines are given by

Az = {(tQ,O,tL (—12/2,V/3t2/2,1), (=12 /2, —V/3t2 /2, t)|t € R} . (10.73)

The fold-surface and cusp lines are illustrated in Fig. 11.20a. The red and the blue surfaces
denote the fold surfaces corresponding to the eigenvalue fields \; and \y. The fold surface has
a harp edge at the cusp lines (in black).

Note the symmetry of the triangular singularity and point symmetry of the caustic. By
performing the Picard-Lefschetz analysis for the two slices p3 = +1 and pu3 = 0 we can obtain
the Picard-Lefschetz diagram of the unfolding of the singularity. See Fig. 11.21 for the Picard-
Lefschetz analysis of the two slices. The small diagrams are the real parts of the four saddle
points in the (21, x2)-plane. The black circle is the caustic in the base space at the corresponding

H3-

o We first consider the case ug # 0. At the origin, the four saddle points are real-valued
(see Fig. 11.21a). As a consequence, we conclude that they are all relevant. This is a
quadruple-image region. One of the four saddle points is located inside the black circle.
The other three are symmetrically distributed around the circle.

When crossing the fold-line, the saddle point in the circle merges with one of the outer
saddle points on the circle. After passing the fold-line, the two saddle points become
complex. The saddle point with the smallest real part of the exponent i¢(x; p) will
remain relevant whereas the other saddle point becomes irrelevant. The outside of the
triangle is a double-image region. Note that the real parts of the two complex saddle
points always coincides with the black circle.
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Figure 10.21: Intersection of the elliptic umbilic D; by the surface {3 = —1}. The black line
is the fold-line and the red line is the Stokes line. The number of real saddles gives the number
of images in the geometric optics approximation.

When approaching one of the three the cusp points, three of the four saddle points merge
at a single point on the circle. Note that the four saddle points are collinear in the cusps.

Finally, note that the double-image region consists of six subregions divided by six Stokes
lines. In the regions on the left, the upper right and the lower right, the Lefschetz thimble
passes through two real and one complex saddle point. In the regions to the right, upper
left and lower right, the Picard-Lefschetz analysis consist of only two real saddle points
(the ones outside the circle. The Stokes lines are again associated with the three cusps.

e In the case, u3 = 0, the central region is replaced by the elliptic umbilic saddle point (see
Fig. 11.21b). The rest of the p;-us-plane is divided into six distinct regions by the six
Stokes lines. The upper left, lower left, and the upper right regions consist of two relevant
real saddle points. These regions correspond to the upper left, lower left, and right region
in Fig. 11.21a. The three remaining regions consist of two real and one complex relevant
saddle points.

These slices form a complete description of the Lefschetz thimble of the unfolding of the
elliptic umbilic in the p-space.

Numerics

Given the Lefschetz thimble, we can numerically evaluate the normalized intensity map of
the lens (Fig. 11.22). The upper and lower panels depict the normalized intensity I(u;v) for
i3 = 1 and 0. The left, central and right panels depict the frequencies v = 50, 100 and 500.

The normalized intensity map corresponding to the unfolding of the elliptic umbilic (D, ) has
a triangular symmetry. As the frequency increases, the normalized intensity profile steepest and
increases in amplitude. In the plane u3 = £1 we observe a fold-line in a triangular configuration
with three cusp caustics at the corners. For the frequency, v = 50 the fold-line is relatively
blurry. We again observe outward stripes emanating from the cusp caustics. These again follow
a power-law falloff independent of the frequency. As the frequency is raised to v = 100 and
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Figure 10.22: The normalized intensity, I(;v), of the unfolding of the elliptic umbilic caustic
(Dy ) sliced by the surfaces {uz = £1}, {us = 0} (respectively the upper and lower panels) for
the frequencies v = 50, 100 and 500 (respectively the left, the centre and right panels).

v = 500 we observe that the fold lines become sharper and the fringes in the quadruple image
region shrink. The normalized intensity at frequency v = 500 is very close to the normalized
intensity map predicted by geometric optics.

10.5.5 The hyperbolic umbilic D}

The hyperbolic umbilic D} completes the set of caustics appearing in two-dimensional
lenses. It is again a singularity with co-rank 2 and co-dimension K = 3. The unfolding is
described in terms of the three unfolding parameters (p1, fo, £3). We consider the integral

v

W(pv) =~ /R 2 e e e L) [ PO P (10.74)

The analytic continuation of the exponent i¢(x; p)v has four saddle points z;, given by the
roots of the two quadratic equations

373 — p3e — py =0, (10.75)
323 — 3wy — pto = 0. (10.76)
Depending on p, either zero, two or four of the saddle points are real-valued. The complex-

valued saddle points always come in conjugate pairs since ¢(ax; p) is real-valued for real x.
Solving this set of equations for p; and ps we obtain the Lagrangian map as a function of s,

s (21, 02) = (327 — wopuz, 325 — T1p43) - (10.77)
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In the geometric limit, we form a fold-surface and a cusp lines. The fold-surface in X space
is given by

A () = { (i;—i,t) It € R} (10.78)

which is a cylinder with radius %2, satisfying the equation

IM|=0 (10.79)
where the deformation tensor is given by
92b(x:
M= |20 (10.80)
Ori0r; |, 4,

6x1  —ps3
= . 10.81
(—M3 61’2) ( )

The three cusp-lines are linear lines laying on the fold-surface,

A (ps) = {(—ps/6, —p3/6)} (10.82)

in the X = R? space.
In the parameter space M, the elliptic umbilic point is located at the origin. The fold-surface
is given by

Ay = {(3u* £ 6uv®, £6u’v + 3v*, Fow) |u,t € R} (10.83)
Ay = {(3u4 F 6uv®, F6udv + 3vt, $6uv) lu,t € ]R} (10.84)

where the two solutions correspond to two disconnected pieces corresponding to the two eigen-
value fields of M. The cusp line in the parameter space is given by

Az = {(#*/4, /4, 1)t e R} . (10.85)

The fold-surface and cusp-line are illustrated in Fig. 11.20b. The red and the blue surfaces
denote the fold surfaces corresponding to the eigenvalue fields A\; and Ay of the deformation
tensor M. The fold surface has a harp edge at the cusp lines (in black).

Note the symmetry of the triangular singularity and point symmetry of the caustic. By
performing the Picard-Lefschetz analysis for the two slices u3 = +£1 and p3 = 0 we can obtain
an understanding of the relevant saddle points.
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(a) pg = =1 (b) p3 =0

Figure 10.23: Intersection of the hyperbolic umbilic D with the surface {u3 = —1}. The black
line is the fold-line and the red line is the Stokes line. The number of real saddles gives the
number of images in the geometric optics approximation.

See Fig. 11.23 for the Picard-Lefschetz analysis of the two slices. The small diagrams are
the real parts of the four saddle points in the (x,25) plane. The black circle is caustic in X
space at puz = £1 and 0.

e Consider the slice u3 = £1 (see Fig. 11.23a). In the upper right corner, the four saddle
points are real-valued. In the corresponding Picard-Lefschetz analysis, they are all rel-
evant. This is a quadruple-image region. When we pass the left or lower fold-line, two
of the four saddle points merge at the hyperbola in X space, to form a fold singularity.
Afterward, both saddle points become complex. The one with the smallest real part of the
exponent i¢(&; p)v remains relevant whereas the other saddle point becomes irrelevant.
Just like in the elliptic umbilic, the real part of the complex saddle points remains on the
hyperboloid. This is a double-image region. Depending on whether we cross the fold line
to the left or below the quadruple region, two different saddle points merge.

If we move from the quadruple-image region to the cusp, we obtain a singularity due
to the merger of three saddle points. After passing through the cusp, only the two real
saddle points will be relevant. The two complex saddle points are irrelevant.

From the double-image region, we can pass the second fold-line. At this fold-line, the
two remaining real saddle points merge to form a fold saddle point after which they
move in the complex plane. Note that the real parts of these two saddle points remain
on the second branch of the hyperbolic. Since the Picard-Lefschetz analysis does not
contain any real-valued saddle points after passing the second fold-line, this is a
zero-image region. The zero-image region is again subdivided into three subregions. In
the upper left and lower right regions, the Picard-Lefschetz analysis consists of two
relevant complex saddle points. In the lower left region, the Picard Lefschetz analysis
consists of one relevant complex saddle point.

e In the case, pu3 = 0 the analysis is similar to the one obtained for u3 = £1, since the regions
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are trivially deformed (see Fig. 11.23b). In the upper right region, again four saddle points
are real. All of them are relevant. This is still a quadruple-image region. The fold line
along the positive p; and ps axis is double fold lines, as the two fold lines at pu3 = +1
have merged. The left and lower right regions are zero-image regions. In the upper left
and lower right regions, the Picard-Lefschetz analysis consists of two relevant complex
saddle points. In the lower left region, the Picard-Lefschetz analysis again consists of one
relevant complex saddle point. This concludes the Picard-Lefschetz analysis.

Numerics

Given the Lefschetz thimble, we can numerically compute the normalized intensity map (see
Fig. 11.24). The upper and lower panels depict the normalized intensity I(u;v) for us = +1
and 0. The left, central and right panels depict the different frequencies v = 50,100 and 500.

For both unfoldings at p3 = +£1 and p3 = 0, the normalized intensity map closely follows the
caustics structure represented in Fig. 11.23. In the zero-image region, the normalized intensity
vanishes. In the double-image regions, for u3 = 1, the normalized intensity oscillates forming
lines of equal normalized intensity as should be expected from the presence of the left fold
line. In the quadruple-image regions, the normalized intensity oscillates in two directions, for
i3 = *£1 forming the structure we observed for the cusp caustic, and for u3 = 0 forming an
interference pattern with rectangular symmetry.

In the eikonal limit ¥ — oo, the normalized intensity becomes sharper and the caustics
become more pronounced. It should, in particular, be noted that the normalized intensity at
the hyperbolic umbilic (in the origin in the plots corresponding to pz = 0), the normalized
intensity rises rapidly with v. This is in correspondence with the scaling relations we found
above.

10.6 Two dimensional localized lenses

The seven elementary singularities form a dictionary of the local behavior of the lens integral

U(p;v) = (%)Nﬂ / @ g (10.86)
o(x; p) = (x — p)° + (), (10.87)

near caustics. Their corresponding normalized intensity map completely describes the local
properties of lensed images. However, the global structure of the caustic is in general different.
Since the normal forms of the elementary singularities are polynomials, the corresponding phase
¢ has support throughout the base space X = R". The catastrophes with an even co-dimension
K, lead to an image with an even number of images. In contrast, localized lenses lead to n-image
regions with n an odd integer. We now turn to the study of interference patterns appearing
in localized lenses near caustics. We evaluate three two-dimensional lenses, which simulate
the behavior of a localized lens and include the five elementary catastrophes appearing in two-
dimensional lenses. In the process, we also demonstrate the accuracy of the integration scheme
along the Lefschetz thimble.

10.6.1 A generic peak

In general, lensing effects are strongest near the extrema of the variation of the phase . It
is for this reason natural to study the effect of an asymmetric peak in the phase variation ¢,
with

a
12?4223

o(z) (10.88)
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Figure 10.24: The normalized intensity, I(u;v), of the unfolding of the hyperbolic umbilic
caustic (DJ) sliced by the surfaces {3 = +1},{us = 0} (respectively the upper and lower
panels) for the frequencies v = 50,100 and 500 (respectively the left, the centre and right
panels).
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Figure 10.25: The caustics corresponding to A; (blue) and Ay (red) as a function of a. We
observe the formation of a triple- and a five-image region.

the two-dimensional generalization of the one-dimensional lens studied in Section 11.4. For

astrophysical plasma lenses, the parameter « scales according to the dispersion relation av oc v 2.

The Lagrangian map is given by

() =x+ %Vgo(a:) (10.89)

«

The map forms a caustic where the deformation tensor

0*¢(w; )
L 10.91
My 0z,0x; ( )
with the eigenvalue and eigenvector fields \;(x), v;(x), is singular, i.e.,
IM(x)] = M(x)Ao(x) = 0. (10.92)

For convenience, we order the eigenvalue and eigenvector fields by A\ (x) < Ao(a).

The first caustic forms at the origin (u1, p12) = (0, 0) for the parameter o = 1 (see Fig. 11.25).
This is a cusp singularity. Note that by construction this caustic corresponds to the eigenvalue
field A;. For 3 < a < % the A3 point forms an outgoing fold-line (As) with two cusps (As)
on the left and the right. At a = 1, a new A3 point is created, this time corresponding to the
second eigenvalue field \g. For 1 < a < % the As point forms a fold-line (As) with two cusps
(A3) at the top and the bottom. At o = % the two fold lines merge in a hyperbolic umbilic
(Df) at (p1, p2) = (0,£1/v/14). For o > % the two fold lines continue to move outwards,
where the fold-line corresponding to A; has four cusps while the fold-line corresponding to A,
does not contain a cusp. Outside the fold-line of the caustics, the image consists of a single-
image region. Inside the blue fold line, we find a triple-image and a five-image region enclosed
by the red fold line.

The analytic continuation of the exponent, ¢(x; p), possesses a pole on the two-dimensional
surface z3+2x3+1 = 0. Note that poles are never isolated in multi-dimensional complex analysis
[57]. The exponent has nine saddle points &;. By evaluating the gradient of the h-function and
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10.6 Two dimensional localized lenses 120

2

12
1.0 0.5 0.3 1.0

(a) v =50 (b) v =100 (¢) v =500

Figure 10.27: The normalized intensity evaluate along the diagonal in the (juq, uo)-plane for
a =4 for v = 100 and 500. The black curve is the envelope predicted by geometric optics (see
equation (11.18)).

flowing the original integration domain, we obtain a numerical representation of the thimble
J C C%

Given the two-dimensional thimble J, we numerically evaluate the integral ¥(p;v). In
Fig. 11.26, we plotted the normalized intensity of the sensed signal for o = 7/10,64/49 and
4 as a function of the frequency. Observe that when the wavelength is comparable to the
size of the caustic structure, the normalized intensity is blurred. The caustics emerge when
the wavelength becomes shorter. At the frequency v = 500, we accurately recover the image
corresponding to geometric optics. Remark the stripes emanating from the cusp singularities.
This is the frequency independent power-law falloff we observed in the elementary singularities.

In Fig. 11.27, we plot the cross-section of the normalized intensity map along the diagonal
(1 = po for the lens with a = 4 for v = 50, 100 and 500. Observer the four spikes while passing
through the fold catastrophe. Note that the spikes increase in magnitude as v is raised. In the
astronomical context, these spikes correspond to amplification in the light-curve of the lensed
source.

10.6.2 A degenerate peak

A more intricate structure arises for the lens corresponding to the degenerate peak in the
phase,

«

- 10.93
o) = T (10.9)
with the Lagrangian map
1
f(e)=x+ §V<,0(:13) (10.94)
=x— #(290?, Ta) . (10.95)

(1421 + 23)

The caustics structure of the Lagrangian map for varying « is plotted in Fig. 11.28. For a =1
we find two disconnected components, which are joined at & = 1.5 and form an intricate pattern
at @« = 2 and @ = 2.5. At o = 2 we again find a hyperbolic umbilic caustic (D]) at the two
points where the cusps corresponding to the first and second eigenvalue fields A\, Ay coincide.
We thus see that not only the structure at the peak but also the falloff of the variation in
the phase ¢ is important in the study of caustics in lensed images. The caustic structure is
generally sensitive to the Hessian of the phase ¢, i.e., the second order derivatives.

After flowing the original integration contour to the Lefschetz thimble 7, we numerically
evaluate the amplitude W(u;v) and the corresponding normalized intensity I(p;v). The re-
sulting normalized intensity maps are plotted in figures 11.29 and 11.30. For the frequency
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Figure 10.28: The caustics of the Lagrangian map for varying o. The caustics corresponding
to the first and second eigenvalue fields A{, As in red and blue.

v = 50, the image is again rather blurry. We can see the general shape, but cannot distinguish
the detailed line structure. For the frequency v = 100, the lines are better resolved. However,
the length scale of the caustics is comparable to the length scales of the interference patterns in
the multi-image regions. For v = 500, we see the complete geometric structure of the caustics.
The oscillations in the multi-image regions are now very fine. For this frequency, we are very
close to the geometric optics approximation.

10.6.3 The swallowtail caustic

In the previous two examples of lenses corresponding to the simple peaks, we found both
fold (A3) and cusp caustics (A3) corresponding to a single eigenvalue field, and the interaction
between two eigenvalue fields via the hyperbolic umbilic (D). The two remaining caustics,
i.e., the swallowtail (A) and the elliptic umbilic (D ), appear in slightly more involved lenses.
For the swallowtail caustic, consider the lens

p(x)

axy

St — 10.96
1+ 2} + 23 ( )

Again, in the astrophysical context, a follows the dispersion relation av oc v=2.

The corresponding integrand i¢(a; p)v, consists of 23 saddle point in the complex plane. By
deforming the integration domain to the thimble, we evaluate the two-dimensional lens integral
numerically. See figures 11.31 and 11.32 for the caustics obtained from geometric optics and
the corresponding normalized intensity maps for the frequency v = 50, 100, 500.

e For a = 2, the lens forms a caustic corresponding to a single eigenvalue field (see the
upper panels of figure 11.31.). The profile a pancake with two cusps at the tips. In the
corresponding normalized intensity field, we see an interference pattern in the triple-image
region, two stripes emanating from the cusps and more strikingly two diagonal stripes
going to the left in the single image region. These stripes are a precursor of the swallowtail
caustic emerging at later a.

e As « is raised to 3, a second caustic emerges in the triple-image region (see the lower
panels of figure 11.31). This caustic corresponds to the second eigenvalue field of the
deformation tensor. At o = 3 one of the two cusps of the second fold line merges with
the outer fold line and transfers the cusp singularity via an elliptic umbilic caustic (Dy).
For larger «, the blue line will thus have three cusps whereas the red line has only one.

However, more importantly, the lens forms a swallowtail caustic (A4) in the blue line at
a = 2. This phenomenon cannot be observed in the blue fold-line but is apparent in the
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Figure 10.29: The normalized intensity map, I(u;v), for different frequencies.
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Figure 10.32: The normalized intensity map, I(u; ), for a = 4 and frequencies v = 50, 100, 500.

normalized intensity map. The two stripes already visible for o = 2 are amplified. At the
location where the swallowtail stripe coincides with the fold-line, we see an amplification
of the normalized intensity in the swallowtail point.

In the normalized intensity map, we see that the geometry becomes sharper and sharper
as we increase the frequency and approach the geometric optics limit. Note that the nor-
malized intensity of the hyperbolic umbilic (D] ) outshines the other caustics at frequency
v = 500.

e Finally, for o = 4, we see that the swallowtail caustic has unfolded into its characteristic
shape in the blue fold-line (see Fig. 11.32). We see the same structure emerge in the
normalized intensity map. However, in addition, we how to obtain a large number of
stripes emanating from the cusp caustics.

We also see that the lens at « = 4, consists of a second hyperbolic umbilic (D) appearing
at the origin, where the blue and the red fold-lines meet. As the frequency is raised, we
again see that the normalized intensity spikes for this caustic.

10.6.4 The elliptic umbilic caustic

We conclude this section by studying the elliptic umbilici (D) caustic in a localized lens.
The elliptic umbilic forms when the deformation tensor is singular due to two eigenvalues
vanishing simultaneously. The geometry of the caustic however differs from the hyperbolic
umbilic (D] ), in that it includes the merger of three cusp caustics. We here study the localized
lens

a(x? — 3z,23)

p— 1 .
(@) 1+ 22 + a2 (10.97)

From geometric optics, we observe the caustic structure of the lens (see Fig. 11.33).

e For small, @« < 1.4, the lens consists of three Zel’dovich pancakes with a triangular
symmetry. Three of the cusp caustic point to the origin of the parameter space.
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Figure 10.33: The caustics of the Lagrangian map for varying a.

e At a = 1.4, we observe that the three Zel’dovich pancakes are joined by three fold-lines
forming a triangular structure.

e Asa > 1.4, the triangle decouples from the three Zel’dovich pancakes. The three resulting
fold lines move away from the origin and the triangle shrinks to a point. The point a which
the triangle is contracted to a point is the elliptic umbilic caustic. The region enclosed
by the large triangle is a 5-image region. The region enclosed by the small triangle is a
7-image region.

Note that since the elliptic umbilic caustic only forms after three cusp caustics have formed a
triangular fold line, the caustic will be rare in simple simple lenses. It is nonetheless a stable
configuration, as a small deformation of the lens preserves the structure.

Using the Picard-Lefschetz analysis, we evaluate the normalized intensity map for the con-
figurations a = 1, 1.4, and 5 for the frequencies v = 50,100 (see Fig. 11.34).

e For a = 1, we observe that even though the triangular structure is not yet present in the
geometric optics analysis, it is present in the normalized intensity map at finite frequency
(see the left panels of Fig. 11.34). That is to say, the normalized intensity is enhanced
at the triangle, however as ¥ — oo the normalized intensity at the triangle will remain
finite.

e At a = 1.4, the triangle has formed in the geometric optics analysis (see the central
panels of Fig. 11.34). In the normalized intensity maps, the triangle is enhanced. The
normalized intensity will now diverge in the geometric optics limit.

e As « is further increased to o = 5, the triangle shrinks to a point and interference effects
between the different fold lines start to appear (see the right panels of Fig. 11.34). At
a = 5, we do no longer observe the fold lines but rather observe a triangular blob at the
origin of the parameter space. This closely resembles the normalized intensity map of
the elementary elliptic umbilic catastrophe. It is however a bit more intricate as a close
inspection demonstrates that caustic structure oscillates at a high frequency due to the
interference of the elliptic umbilic with the surrounding multi-image region.

Note that there are a few small numerical artefacts present in the normalized intensity map
for the lens at a« = 5. The lens outside of the triangle, is a 5-image region in which some of
the real saddle points are located far away from the origin in the lens plane. The inside of the
triangular region is a 7-image region. The Lefschetz thimble has a complicated shape and the
tessellation of the thimble can occasionally miss a few points.
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10.7 Signatures of caustics in fast radio bursts

A Fast Radio Burst (FRB) is a millisecond transient radio pulse, caused by some yet to be
identified high-energy astrophysical process. The first burst was found by Duncan Lorimer and
his student David Narkevic in 2007 while scanning through archival pulsar survey data [58|.
The burst in question had been detected in 2001 by the Parkes Observatory in Australia. In
subsequent years, several other bursts were observed, among which the first repeating source
(named FRB 121102) [8] was detected in 2012 by the Arecibo Observatory in Puerto Rico. In
the last few months, several new detections have been announced by the Canadian Hydrogen
Intensity Mapping Experiment (CHIME) collaboration, including the second repeating FRB
source (named FRB 180814) [59]. FRBs are now known to be relatively common, with approxi-
mately 10, 000 bright fast radio bursts occurring per day over the entire sky. Telescopes capable
of detecting a significant fraction of these bursts should become possible in coming decades, an
exciting prospect indeed.

The source of fast radio bursts is yet to be identified. Many different models have been
proposed but none is yet compelling. They range from rapidly spinning neutron stars or black
holes and regions of very high electromagnetic fields, to more exotic sources [60, 61]. Tt seems
likely that the bursts are extragalactic in origin, as the first observed repeater, FRB 121102,
has been identified with a galaxy at a distance of approximately 3 billion light years [62, 63, 64].
As mentioned in the introduction, it is likely that the phenomenology of fast radio bursts is
strongly affected by astrophysical plasma lensing. They have a characteristic time-frequency
profile, their frequency typically falling during the pulse, or series of pulses. This profile is
probably due to the fact that lower frequencies are more strongly lensed and thus follow longer
geometrical paths, and also because they propagate more slowly.

The methods and results we have reported here should be helpful in modeling the effects
of plasma lensing on observed FRBs. The lensing may take place in a variety of places — near
the source, near the observer or in between. If the line of sight encounters a caustic due to a
plasma lens, the FRB may be amplified, enhancing the chances of detection. For reasons we
have explained, caustics are likely to be localized in frequency, leading to the observed spectral
shape. The “marching down” features could also be due to asymmetric structures in the lens,
leading to angled caustics. This requires a preferred time asymmetry, which could in turn
provide hints about the structure of the lens itself. In the lensing example of B1957+420 [13],
the lens is due to a companion wind. In this specimen, the time-frequency caustics march both
up and down. This symmetry could be broken if the wind contained shock waves, which could
preferentially move retrograde in the rotating frame. Quantitative lens modeling can be tested
on the pulsar binary system, and then applied to FRB data. This could be the scope of a future
paper.

Since the observed radio waves have a relatively long wavelength, the corresponding diffrac-
tion catastrophes are likely to fill a significant volume in the parameter space of the normalized
intensity maps. Therefore it is important to study the complete interference pattern. It follows
from Table 2 that the elliptic (D), the hyperbolic (D)) umbilic and to a lesser extent the
swallowtail (A4) caustic lead to the largest spikes in the normalized intensity map. Of these
three caustics, the swallowtail (A4,) and the hyperbolic (D}) umbilic caustics are most likely
to be realized in simple lenses, of which the hyperbolic caustic gives the greatest amplification.
However, these caustics will not generically occur in time-frequency data, as they are formed
at point in three-dimensional functions. The line of sight, is, however, reasonably likely to pass
close to them, as they fill a finite volume of the parameter space. In principle, we do expect to
see the cusp (Ajz) points and the fold (As) lines caustics, in the data. However, note that these
caustics lead to a lesser amplification of the source.

As we observed in the previous sections, caustics due to multi-dimensional lenses never
occur as isolated events. The caustics of co-dimension four, i.e., the umbilics D, and the
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swallowtail A, caustics, are always accompanied by cusp (As) points and fold (As) lines. It
thus follows that when a fast radio burst is indeed amplified by a lens, that the corresponding
peak in time-frequency space will be of characteristic shape. More concretely, after identifying
the time and the frequency with the two of the unfolding parameters u, we expect the peak to
resample the normalized intensity map of the corresponding elementary catastrophe computed
in Section 11.5. That is to say, the peak corresponding to elliptic (D, ) umbilic caustic should
exhibit a triangular symmetry and the peak corresponding to the swallow (A4) caustic will
exhibit the characteristic swallowtail geometry in the fold-line and two cusps caustics.

Further investigation is required to estimate the number density of the different caustics for
generic two-dimensional lenses and the most likely normalized intensity profiles along the line
of sight.

10.8 Conclusions

Conditionally convergent oscillatory integrals play a central role in modern physics. How-
ever, these integrals are often difficult to define as their definition, in the multi-dimensional
case, can depend on the order of integration or the regularization scheme. They are, moreover,
generically impossible to evaluate analytically and too expensive to evaluate with conventional
numerical methods. In this paper we have brought Picard-Lefschetz theory to bear. We have
shown how in a multi-dimensional oscillatory integral, the integrand generically defines a set
of relevant Lefschetz thimbles in the complexified integration domain, along which the integral
is absolutely convergent. These thimbles can be thought of as an ‘integrand-dependent Wick
rotation’. The integral evaluated along the set of relevant thimbles in fact provides an unam-
biguous definition of the original integral itself. We moreover have presented a new, efficient
numerical scheme both to find the thimbles and to efficiently evaluate the integral along them
in polynomial time. The virtue of this new method that the efficiency actually increases as the
integrand becomes more oscillatory.

In particular, we have studied the Lefschetz thimbles for caustic catastrophes and the Stokes
phenomenon occurring in two-dimensional lenses. Given the thimbles, we numerically evaluate
the normalized intensity maps over all frequencies study the resulting interference patterns. We
have shown that the normalized intensity maps smoothly converge to the caustics predicted by
geometric optics, without introducing numerical artifacts.

Our method renders feasible the calculation of interference patterns in a wide variety of inter-
esting astrophysical contexts, in particular to model the effect of plasma lenses on radio sources.
So far, such modeling has been restricted to the simplest examples of fold and cusp singular-
ities, produced by one dimensional lenses. More realistic, two-dimensional models, including
the swallowtail, elliptic umbilic and hyperbolic umbilic caustics are now accessible. We have
computed the normalized intensity maps for a few representative examples, and commented
briefly on likely observational signatures. A statistical analysis of the normalized intensity pro-
files for the diffraction catastrophes generated by a realistic plasma lens ensembles will be the
subject of further investigations.

Finally, we analyzed a simple model of Young’s double slit experiment, representing an initial
exploration of the use of these methods for describing interference in quantum mechanics.

10.9 Defining oscillatory integrals

Oscillatory integrals, which do not converge absolutely, are sometimes claimed to be ill-
defined since the key theorems of measure theory, e.g. the dominated convergence theorem and
Fubini’s theorem, do not apply [65]. We here study conditionally convergent oscillatory integrals
for the one- and multi-dimensional case and propose a definition using Picard-Lefschetz theory
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Figure 10.35: The Euler or Cornu spiral. The black line is the real and imaginary part of F/(R)
as a function of R. The black point is the real and imaginary part of the limit limg_,o, F(R) =

(141)\/5.
in terms of absolutely convergent ones.

10.9.1 One-dimensional integral

F(o0) = /Z e dr = (1+ i)\/g (10.98)

exists, even though the integral is only conditionally convergent. The integral is usually defined
as a limit of the partial integral

The Fresnel integral

F(R) = / ’ ¢ dz, (10.99)

—-R

i.e., limp_ o F(R) = (1 + i),/F following the Euler or Cornu spiral (see Fig. 11.35). This
definition is as important to the integral as the integrand, as different regularization schemes —
which do not approach the real line by adding points incrementally — lead to different answers.

The definition of the conditionally convergent integral in terms of the limit R — oo is
equivalent to the assumption of analyticity, since Cauchy’s integral theorem only applies to
integrals over R defined this way. We can alternatively define the integral by deforming the
integration contour R in the complex plane C to the Lefschetz thimble

J ={(1+iulueR} = (1+i)R, (10.100)

for which the integrand is convex and the integral is absolutely convergent, i.e.,

/em2dx—/ ¢ da (10.101)
R J
= (1+z’)/e_2“2du (10.102)
R

—(1+ i)\/g (10.103)
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Note that this definition does not depend on a limit. The regularization is completely deter-
mined by the assumption of analyticity.

10.9.2 Multi-dimensional integrals

Multi-dimensional conditionally convergent oscillatory integrals such as
/ e @) gy day (10.104)
RN

for N € N and appropriate functions f, play an important role in optics but cannot be uniquely
defined using an extension of the regularization scheme described above for the one-dimensional
case. To show this, lets consider the two-dimensional analogue of the Fresnel integral

/ @) dady | (10.105)
R2
Since this integral factorizes, it is reasonable to require the integral to converge to
—\ 2
F(c0)? = ((1 + 1) 5) =ir. (10.106)
However, for general f(zi,...,z,) we are not able to write the integral as a product of one-

dimensional integrals. This thus should not be considered as a desirable definition of the
integral.

To see the dependence on the regularization scheme, consider the integral in polar coordi-
nates. We write

I(R) = / @) dzdy (10.107)
Dgr
R
= 27r/ re' dr (10.108)
0
— ir (1 - eiRQ) , (10.109)

with Dg the disk of radius R centred at the origin. We thus find that the limit limg_ o I(R)
does not exist! The function I(R) instead circles the ‘correct answer’ im with increasing angular
velocity.

It is instead appropriate to define the integral in terms of the Lefschetz thimble

J = {(1+1)(u,v)|(u,v) € R*} (10.110)
= (1+i)R?. (10.111)

Along the thimble, the integral is absolutely convergent
/ @) dpdy = / @) dzdy (10.112)

R2 J

= (1+1)? / e~ 2+ gy dy (10.113)

R2
= 2 / / e~ 2+ qudu (10.114)
=T (10.115)

On the thimble we can safely convert the integral over the real plane R? into the iterative integral
using Fubini’s theorem, since the integral in v and v over R? is absolutely convergent. This
definition straightforwardly generalizes to general multi-dimensional conditionally convergent
integrals.



10.10  Young’s double-slit experiment 131

T()

1.0

0.8

0.6

/ |

-3 -2 -1 1 2 3

Figure 10.36: The transition amplitude of the wall T'(x) with two slits at s; = —1, so = 1 with
width € = 0.1.

10.10 Young’s double-slit experiment

In this appendix, we generalize our treatment of interference in order to tackle Young’s
famous double slit experiment. In spite of the extreme simplicity of this example, and its
centrality to introductory discussions of quantum physics, detailed interference patterns are
surprisingly hard to compute. By generalizing our treatment of the Fresnel-Kirchhoff integral
we shall be able to efficiently study the pattern created by a pair of smooth, finite size slits in
detail. In particular, we shall see how quantum interference effects disappear in the classical
limit, as h is taken to zero.

The generalization required is to make the interference “phase" complex in order to damp
out the amplitude away from two narrow slits. Modeling this complex phase with a simple
rational function, our numerical techniques allow us to efficiently find the relevant Lefschetz
thimbles and compute the detailed interference pattern at all values of the parameters.

Consider a distant point source emitting particles towards a screen, with a thin barrier
separating the screen from the source. The barrier is opaque to the particles except in the
neighbourhood of two slits. In dimensionless coordinates (which we shall define below), the
transmission amplitude takes the form

€ € 1
T - — 10.116
() o< exp €2+ (x — s1)? + e+ (r—s9)% €]’ ( )

consisting of two peaks each of strength unity, centered respectively at + = s; and = = ss.
Here, € > 0 is a small number representing both the width of the slits (see Fig. 11.36) and the
opacity of the barrier: away from the slits, the latter is given by 7" ~ exp(—1/e).

Assuming the incident amplitude for the particles to be coherent and constant across the
slits, we may then compute the path integral amplitude just as in Section 11.2. Here, however,
we deal with a particle of fixed mass m, energy E and momentum p = v2mFE. The last
formula in (11.8), in the same small displacement-approximations made in Eq. (11.12) above,
yields a Pythagorean contribution to the phase, p(xz — u)?/(2dh) where d is the distance from
the slits to the screen. Setting x — xa where a is the characteristic dimension of the slits and
r is dimensionless, we take the quantity h2d/(pa®) to be our new, dimensionless h. In terms
of these dimensionless quantities, the amplitude for the particle to arrive at position p on the
screen is therefore given by the oscillatory integral

(1) _N/e?%@—“)QT(g;)dx (10.117)



10.10  Young’s double-slit experiment 132

with the normalization constant A, ensuring unitarity [ |¥(u)|*dp = 1. The probability for
the particle to arrive at p on the screen is given by the absolute square of the wavefunction

I(p) = W (u)*. (10.118)

Note that the dimensionless version of Planck’s constant h appears in this nonrelativistic prob-
lem, whereas it cancelled out of our earlier formulae for a massless particle, as a result of the
latter’s scale covariance.

We evaluate the wavefunction (equation (11.117)), by analytically continuing the exponent

i ) € ¢ 1
i _ = 10.119
¢($aﬂ) h(x lu) + 62—{—(.2?—81)2 + 62—|—(.T—82)2 €’ ( )

in the complex plane and evaluating the Lefschetz thimble. The exponent, ¢, has four poles
and nine saddle points. The poles at x = s; & ie correspond to the slit centereed at s;. The
saddle points are roots of a nineth order polynomial. We can associate four saddle points to
each slit. The remaining saddle point is shared and moves between the the poles corresponding
to the two slits as a function of the position on the screen pu.

Fig. 11.37 shows the corresponding Picard-Lefschetz diagrams for various positions p for
h = 1. In the description we will for simplicity assume the left slit to be at s; and the right slit
to be at so, i.e., 51 < So:

e For positions on the screen far to the left of the slits, 1 < s1, the thimble consists of five
steepest descent contours. The thimble runs from the lower left to the upper right via
a complex saddle point. The thimble subsequently loops around the upper left and the
upper right poles. For positions p < 21522 the wavefunction is dominated by the left slit.
It is for this reason not surprising to see that the thimble corresponding to the right slit
is representative in this regime.

e As o approaches s;, we observe a Stokes transition after which only four saddle points
are relevant. The thimble moves from the lower-left via a saddle point to the upper left
pole, after which it passes through the saddle point between the two left poles. The right
part of the thimble is largely unchanged.

e For p near s;, we observe yet another Stokes transition after which only three saddle points
remain relevant. The thimble runs from the lower left via the saddle point between the
to left poles to the upper right.

e When p approaches the mid-point ‘“TJ“"", we observe that a complex saddle point becomes
relevant after a Stokes phenomenon. The thimble now consists of four steepest descent
contours.

e For p near the mid-point p = , we observe that after yet another Stokes transition,
we obtain a thimble consisting of five steepest descent contours. Note that the middle
saddle point has moved to the origin x = 0. When the position y is increased further, this
saddle point will move to the poles corresponding to the right slit. The corresponding
Picard-Lefschetz diagrams are mirror images of the ones discussed above.

p1tp2
2

In the semi-classical limit A~ — 0, the geometry of the Lefschetz thimble is to an increasing extent
determined by the Pythagorean term in equation (11.119). As a consequence, after a few Stokes
transitions, the eight saddle points which can be associated to the poles corresponding to the
two slits become tighter bound to the poles representing the geometry of the right part of the
thimble in figure 11.37. The remaining saddle point still moves between the poles corresponding
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Figure 10.37: The Picard-Lefschetz diagram for the Young experiment for ¢ = 0.1 from p =
—1.6,—1.5,—1,—0.5, and p = 0, with the steepest ascent, descent contours (black) and thimbles
(blue) corresponding to the saddle points (red) for & = 1.
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to the two slits. However, note that the integral is increasingly dominated by the two saddle
points between the four poles. These two saddle points approach the real line at x = s; and
T = S9 in this limit.

Given the thimble, we can efficiently evaluate the oscillatory integral for various & (see figure
11.38). For relatively large &, the intensity on the screen is dominated by interference effects.
For both i = 1 and h = 1/2 we do not observe the classical intensity peaks corresponding to the
two slits. In the semi-classical limit, A — 0, we the interference pattern is slowly replaced by
the classical peaks. Note that this transition from the quantum to the classical regime cannot
be studied in the traditional thin slit approximation.

Observe that, while the behavior of strong lenses is dominated by caustics where the saddle
points become degenerate, the qualitative behavior of the double-slit experiment is completely
determined by the Stokes transitions. The saddle points are everywhere non-degenerate and
the A-function is a Morse function. In both instances, the saddle point approximation fails and
the integral should be evaluated along the complete Lefschetz thimble. We expect this to be a
generic feature in quantum mechanical interference phenomena.
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Figure 10.38: The intensity I as a function of position u for various i
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11 Proper time path integrals for gravitational waves: an
improved wave optics framework by Braga, Ricciar-
done, et al.

I am very not sure, how useful this article is. It is very new, 2024, and looks like a summary
of books and other articles.

When gravitational waves travel from their source to an observer, they interact with matter
structures along their path, causing distinct deformations in their waveforms. In this study
we introduce a novel theoretical framework for wave optics effects in gravitational lensing, ad-
dressing the limitations of existing approaches. We achieve this by incorporating the proper
time technique, typically used in field theory studies, into gravitational lensing. This approach
allows us to extend the standard formalism beyond the eikonal and paraxial approximations,
which are traditionally assumed, and to account for polarization effects, which are typically
neglected in the literature. We demonstrate that our method provides a robust generaliza-
tion of conventional approaches, including them as special cases. Our findings enhance our
understanding of gravitational wave propagation, which is crucial for accurately interpreting
gravitational wave observations and extracting unbiased information about the lenses from the
gravitational wave waveforms.

11.1 Introduction

Currently, I don’t believe in detection of such effects.

below there is a very good literature review, but mostly about GL of GW. Still, the articles
are maybe useful. Gravitational lensing of gravitational waves (GWs) is a rich and complex
phenomenon that can provide valuable insights into the matter structures in the Universe. One
of its intriguing aspects is the possible manifestation of wave optics (WO) effects: frequency-
dependent modulations in the observed waveforms due to interference and diffraction, occurring
when the wavelength A of the GW is comparable to the Schwarzschild radius R, of the grav-
itational lens. For GWs in the LISA frequency band, these effects are expected to become
important for lenses with mass smaller than < 10%M, and for sources at redshift z, ~ 1, with
event rates of (0.1 —1.6)% for black-hole binaries in the mass range of (10° — 10%°) M, [18, 2].
For ground-based interferometers, the possibility of detecting wave-related effects as been as-
sessed in [3, 4], confirming that these modulations can be detected for events with high enough
signal-to-noise ratio. Given the broadness of the GW frequency spectrum, and the expected
increasing in the number of detections with future interferometers [5, 6, 7|, wave optics effects
in GW lensing will become an important investigation tool. The body of literature exploring
the possibility of using WO signatures in GW waveforms for various purposes is growing, given
the importance of having more accurate waveforms [8]. These purposes include lens parameter
estimation [18, 32, 10], uncovering intermediate-mass black holes [11], investigating the matter
power spectrum on small scales [10, 12, 13, 14, 15, 16, 17, 18|, and constraining the primordial
black hole abundance [19, 20, 3, 22, 23, 24, 25|.

The current body of literature about wave optics effects is based on the so-called diffraction
integral, derived in the context of gravitational wave’s lensing in [26] and further developed in
subsequent works [27, 18, 23, 28 29, 30]. this is not quite true. [27] was before and others ar
only about GW. The formalism is established also for electromagnetic radiation [31, 32|, and
its characteristic trait is to describe WO in a similar language as quantum mechanics. Indeed,
in these works the wave equation is recast into a Schrédinger-like one, whose solution is given in
terms of a path integral where the inverse frequency of the wave, 1/w, takes the role of & [33, 34].
Wave optics phenomena are thus reinterpreted under the light of interference effects between the
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multiple paths that the wave can take, and, the laws of optics in the high-frequency regime (w —
o0), correspond to the classical trajectories found in the A — 0 limit. This analogy between
optics and quantum mechanics is very well known in the literature of electromagnetic waves, and
is called Hamilton analogy |34, 35]. Another avenue to recover the diffraction integral is the one
pursued in [12], where the authors derive its expression from assigning a particle Hamiltonian,
coming from the knowledge of a dispersion relation, and building a path integral description
from it. Both derivations hinge on the fundamental assumption of being able to describe the
wave effectively as a collection of (quantum) particles: the path integral is not performed
over all possible field’s configuration as in quantum field theory, rather over trajectories as
in quantum mechanics. This fact is reflected also in the type of assumptions the diffraction
integral relies on. Two of these are the eikonal and parazial approximations [37, 38, 39|, which
resemble the Wentzel-Kramers—Brillouin (WKB) semiclassical limit of quantum mechanics. In
order, the eikonal approximation requires that the modifications of the waveform induced by
the lens occur on scales larger than the wavelength of the wave. In a similar spirit, the paraxial
approximation assumes that any orthogonal displacement from the direction of propagation
is negligible within a period. The direct consequence of both of these two assumptions, is to
individuate a direction of propagation of the wave, and consequently, to define the wavefronts,
at the price of introducing a lower bound in frequency on the validity of the diffraction integral.
Note that the knowledge of wavefronts is equivalent to the assignment of a dispersion relation.
Given the significant cosmological and astrophysical insights that can be gained from studying
the interaction between waves and matter structures, it is important to move beyond the
limitations of the diffraction integral and produce a formalism that remains flexible across
various length scales, so that we can include a greater range of events in the analysis.

The first aim of this paper is to generalize the treatment of the diffraction integral, going be-
yond the eikonal and paraxial assumptions. We do so by introducing the proper time technique
or worldline formalism in the field of gravitational wave’s lensing. This approach, sometimes
referred to as first quantised worldline, was introduced by Feynman and has been developed to
formally address the path-integral solution of the Helmholtz equation [40, 37, 38| and it has
been used in various fields: ranging from quantum electrodynamics [41, 42, 43, 44|, quantum
field theory [45, 46, 47, 48, 49, 50, 51, 52, 53, 54| and quantum cosmology [55, 56, 57, 58| under
the name of Schwinger proper time, to light optics with the Feynman-Fradkin path integral rep-
resentation [39, 59, 60, 61, 62, 63|, and also in seismology for acoustic wave propagation |64, 65]
. The proper time technique sees the addition of a new time-like variable, in terms of which the
wave equation can be recast exactly into a Schrodinger-like one, with an initial-value constraint,
and without the need of any approximation. The advantage of this technique, therefore, is to
provide an effective description of the fully relativistic fields in terms of associated particles,
with their trajectories and associated momenta. The additional temporal parameter is removed
at the end upon integration. The first main result of this paper is to provide the worldline rep-
resentation of the gravitational wave’s propagator describing their dynamics during a lensing
event. This is given as the sum over all possible values of the proper time of particle-like path
integrals, generalizing the diffraction integral of [27]. The reason behind the need of a rela-
tivistic quantum mechanical description in terms of particles, rather than fields, lies in the way
the high-frequency limit is taken. Working only at the field level, it is not straightforward to
see the emergence of the laws of geometric optics (GO) in the high-frequency limit, were the
waves can be very well described as a collection of particles. By assuming eikonal and paraxial
approximation a posteriori, we show that our formalism encompasses the diffraction integral,
proving its solidity as its generalization, as well as reproducing the classical laws of geometric
optics, such as Snell’s laws, the Fermat principle, and the geodesic equations. Not only, having
a particle-like description for GWs in any optical regime is even more compelling after the first
detection of the stochastic gravitational wave background (SGWB) from the pulsar timing ar-
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rays collaboration [66, 67, 68, 69, 70]. The description of the incoherent superposition of many
gravitational waves requires statistical tools, most of which are staged in the phase-space, ei-
ther through a Boltzmann equation or line-of-sight techniques, where the waves are categorized
by their positions and momenta |71, 72, 73, 74, 75, 76, 77, 78, 79, 80|, rather than their field
configurations. All of these methods rely on the geodesic equation, a typical feature of the
high-frequency regime [81, 82] where the waves have well defined wavefronts and direction of
propagation. The inclusion of wave optics effects via the introduction of a collisional term in
the Boltzmann equation has been considered in [83, 84|. Our formalism aims at providing a
comprehensive description of the anisotropies of the SGWB, while being truly agnostic about
the optical regime.

The second goal of this work is to address another limitation of the diffraction integral,
namely the neglecting of polarization effects. Indeed, in this approach GWs are treated as
scalar fields, assuming that their amplitude will suffer the largest effects from the lensing
events, while its polarization will be unaffected by it. This is a well known high-frequency
result [81, 82|, where the GW’s polarization is parallel transported along the paths, and it is
assumed to remain valid also in the WO regime. However, it is known that finite size effects can
both modify the dynamics of tensor modes and also generate additional polarization content in
the GW sector [85, 86, 87|, questioning the validity of the scalar wave assumption. geometric
optics works in the far field zone (A\/Rs; < 1), where only radiative degrees of freedom are
present, and neglects the near zone dynamics which also encompasses non-radiative components
of the metric perturbation. Accounting for both of these two sectors could lead to additional
interaction channels, producing a richer phenomenology in wave optics phenomena. To address
the inclusion of polarization effects, similarly to [88, 89, 90|, we model the lenses as black holes
(BH) so that we can borrow directly the results of the long-standing field of BH perturbation [91]
in our discussion. This research line aims at understanding the behavior of BH under an external
perturbation predicting, among other results, their quasi normal modes spectra [92, 93] and
the behavior of their tidal deformations encoded in the Love numbers [94, 95, 96]. In the case
of binary systems, and especially for extreme mass ratio inspiarls, BH perturbation tools are
also employed to compute strong field correction to post-Newtonian results [97]. The master
equation dictating the dynamics of fields perturbations of different spin on a Kerr background
is the so-called Teukolsky equation [98], written in terms of Newman-Penrose (NP) scalars [99],
proxies for the field perturbations. For instance, when studying s = 2 metric perturbations, the
NP scalars are related to components of the perturbed Weyl tensor, while s = 1 perturbations
to the perturbed Maxwell tensor. At linear order in perturbation theory, NP scalars are also
gauge invariant [91], so that they are readily related to observables. In the last part of this
work, we will apply the proper time formalism also to Teukolsky equation, showing how to
include spin effects into the field of wave optics. Our result, therefore, constitute a first step
into understanding the role of the interaction with matter on the polarization content of GWs
in the context of lensing in the WO regime.

This paper is organized as follows: in Section 10.2 we review the derivation of the diffraction
integral as done in [27], illustrating the role of the eikonal and paraxial approximations. In
Section 10.3 we introduce the proper time technique for a Klein-Gordon field, and derive the
worldline representation of the wave’s propagator. Section 10.4 is dedicated to recover all the
standard results of paraxial- and geometric optics, proving that our formalism encompasses
them as sub cases. In Section 10.5 we set up the perturbative expansion of the Green function.
In Section 10.6 we extend our formalism to massive scalar fields and we provide explicit compu-
tations for a Coulomb-like gravitational potential. Finally, Section 10.7 addresses the inclusion
of spin effects for BH lenses.
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11.2 The diffraction integral

In this section, we review the standard formalism of gravitational lensing of gravitational
waves in the wave optics limits, as laid out in the pioneering work of [26] (see [27, 18, 23, 28,
29, 30| for other references), bringing into the context of gravitational lensing previous works
addressing the analogy between optics and quantum mechanics under the paraxial approxima-
tion [100, 101, 102].

We consider the propagation of a wave through a Universe containing a lens in the Newtonian
approximation

ds® = —(1 + 2aU(x))dt* + (1 — 2aU(x))dx?, (11.1)

where U is the gravitational potential of the lens, assumed to be static U = U(x). In the
expression above we introduced a as the bookkeeping parameter representing the strength of
the gravitational potential. In our conventions, therefore, U is of order ~ 1 and a < 1. It is a

Figure 11.1: Lensing situation considered.

known fact that, in General Relativity, the polarization content of a GW is parallel transported
in the geometric optics limit [81, 82|. In the standard wave optics literature, this result is carried
over also in the WO regime, where the GW is treated as a scalar field, namely ¥(x,t). Then,
all the physics regarding the interaction between the GWs and the lens is accounted for in the
GW’s equations of motion on the curved background, namely (W (x, t) = 0, where the covariant
derivative are taken with respect to the metric in Eq. (10.1). Solving the latter equation is non-
trivial due to the non-linearity of the wave operator. One can use the small strength of the
gravitational potential (a < 1) to set up a perturbative expansion, and to study the interaction
up to first order in . This approximation is usually called Born approzimation [30, 29|. Since
we are considering a static background, we perform a Fourier transform in frequency domain
with conventions

2m
below there is a rewritten theory from Nakamura’s original article. and obtain, at first order
in «, the associated Helmholtz equation

U(x,t) = / g (x)eiet (11.2)

[V? +w?*(1 — 4al)] ¥,(x) =0, (11.3)

where V2 = 0;0;. This equation is valid outside the wave’s source, which we assume to be local-
ized at some point xg, and generically address it as S(xg). Eq. (10.3) is solved by introducing
the amplification factor F .

Uy (x)
WL (x)
defined as the ratio between the lensed V¥, and unlensed \i/g L waves, namely the solution

of Eq. (10.3) with U = 0. The Helmholtz equation, then, turns into an equation for the
amplification factor

F(x) = (11.4)

1 O*F 0
ﬁng + 5y 2o F = 4aw?UF, (11.5)
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in spherical coordinates x = {r,6, ¢}, where we have chosen UN(x) = e=™"/r, and V3 is
the Laplacian operator on the 2-D sphere. It is important to point out that the latter equa-
tion has been derived without any assumption on the frequency of the GW. Therefore, in the
high-frequency regime, one should recover the standard GO results, while in the opposite limit
we expect to have interference and diffraction patterns before reaching the fully diffractive
regime [31] where the amplification is suppressed. Eq. (10.5) allows setting up the previously
mentioned analogy between geometric optics (GO) and wave optics (WO) on one side, and
classical and quantum mechanics on the other. Indeed, if one is able to remove the second
derivative term from it, then the latter becomes a Schrodinger-like equation where the radius
takes the role of the time variable. This way, one could solve Eq. (10.5) via a path integral
description, which nicely accounts for wave-effects as interference between the multiple propa-
gation paths taken by the GW, in a similar fashion of quantum effects in quantum mechanics.
Throughout the entire paper, we will make such analogy more and more explicit, and exploit
it as much as possible to borrow tools from known literature, and bring them in the realm of
wave optics effects in gravitational lensing. In this review section, we proceed as in [26], and
work out the particle-like path integral solution of Eq. (10.5). First of all, we have to reduce
a second order partial differential equation, to a first order, Schrodinger-like, one. This can be
achieved by neglecting the second order derivative term, with respect to the one proportional
to the first order derivative,

|0?F| < |2iwd, F| . (11.6)

If we call R the typical variation scale of F (which is related to the typical length scale of the
lens’ potential) in the direction of motion, then Eq. (10.6) would imply R < w. In [26], the
authors call this assumption the eikonal approximation, as it effectively prescribes a hierarchy
between the length scales associated to the GW and those of the lens. It shares also similarities
with the non-relativistic limit, except that the role of the time is now assumed by the radial
coordinate, and the one of the particle’s mass by the frequency. We also require that the wave’s
amplitude does not change much in the 6 direction, namely the angle spanning from the line of
sight, and that the observer is located at o < 1 (see Fig. 10.1). This assumption, combined
with Eq. (10.6), gives us the parazial approzimation. It allows us to consider the two vector
0 = {0, ¢} as a two dimensional vector on a flat plane and sinf = 6 and to treat the system
as a 2-dimensional one, evolved in "time" with the radial coordinate. As a consequence of
Eq. (10.6), Eq. (10.5) takes the following form

1
i0.F = _z—agF + 2awUF (11.7)
W

where 93 = 0%/060% + 0710/00 + 0720 /0.

We just obtained a Schrodinger-like equation, where r plays the role of time and w the one
of the particle mass. The corresponding Lagrangian, which yields to the classical equation of
motion, is given by:

2
L [9,9,7“] - {%|9|2 —2aU(r,0)| (11.8)

where 6 = d6 /dr. We point out that other analogous assumptions have been made in literature
in order to reduce the order of the differential equation of F'. For instance in [33], the authors
introduce the first Fresnel radius Rp = \/)\_D, where D is the distance between the source and
a given plane, while A is the wavelength of the wave with A < D. Then, Eq. (10.5) turns into
a first order differential equation by requiring Rz > A. The diffraction integral is the path
integral solution of Eq. (10.7)

F(i) = /DG(T) exp {m /OTO drl [e(r),é(r),r}} | (11.9)



11.2  The diffraction integral 141

as done in quantum mechanics [103], and where rg is the position of the observer. Therefore,
the amplification factor is described in terms of a path integral, where the action weighting each
path is built from the particle Lagrangian in Eq. (10.8). The diffraction integral in Eq. (10.9)
shows manifestly that the inverse frequency 1/w is the parameter taking the place of h and
formally establishes the analogy between WO effects and quantum mechanical ones. The laws
of GO, which are valid in the w — oo limit, are interpreted as the counterparts of the classi-
cal limit A — 0, where one or more classical trajectories dominate the path integral solution.
These trajectories, namely the rays along which the wave propagates, are the one that satisfies
the Euler-Lagrange equations descending from the Lagrangian in Eq. (10.8). Conversely, for
smaller values of the GW’s frequency, multiple path contribute to the final amplitude, pro-
ducing interference patterns. One can bring Eq. (10.9) in a more familiar form under the thin
lens assumption [31], namely that the lens extension in the direction of propagation is small
compared to the one on the plane orthogonal to it. In this case, aU(r,0) = 14(r — r)ih(8),
and the diffraction integral takes the form

F(io) = / 6, exp {w [’W 16, — 60 — @Z)(eL)} } , (11.10)

QTLO

where 7, is the distance to the lens and 6, is the two vector in the lens plane. Note that the
path integral has been reduced to a standard 2-dimensional integral under the assumption that
the paths contributing the most to the diffraction integral are constant 0(t) ~ 6 (see |27]).
The integrand of Eq. (10.10) is the time delay function

TLTo

lg = 5 0, — 66| _1/;(9L)> (11.11)
Lo

where @E(B 1) is the deflection potential associated to the lens [33, 104, 105]. In the high frequency
regime, only the stationary points of Eq. (10.11) contribute to the diffraction integral. These
points are obtained by solving the differential equation [31]

Vo, ta =0, (11.12)

which can be recast in the more familiar form:

~

00 =0, — L9V, 1) (11.13)

rLro

Eq. (10.13) is the lens equation [31, 106, 11, 107|, and determines the position of images that
can be produced by a lensing event with an associated strong enough gravitational potential.

11.2.1 Field vs particle description

Before delving into the main body of this work, we aim to address in more details the
significance of the approximation in Eq. (10.6) and the paraxial assumption. Firstly let us point
out that there is a disagreement in literature concerning what authors means for eikonal and
geometric optics limits. Some consider the two description equivalent, while others attribute to
the first coherent events and incoherent lensing to the second [108, 33]. In the analogy between
quantum- and wave- effects, this differentiation divides interference events, occurring only if the
trajectories in the path integral "sum" their probability amplitude in phase, from incoherent
events where only the classical trajectory remains. In our work, we take Eq. (10.6) as the
definition of the eikonal approximation, and reserve the geometric optics limit, for the saddle
point approximation of the path integral. Therefore, the eikonal approximation is a half way
step: it does not fully coincide with GO (formally valid when w — o0), but it also requires a
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lower bound on the possible frequency values. This is because, the interference effects allowed
in this intermediate regimes may still be represented in terms of the dynamics of de-phased
wavefronts. However, to have wavefronts in the first place, a field must be describable in terms
of associated particles (wavefronts define dispersion relations [12, 34|), regardless of whether
their probability amplitudes of transitioning from one spacetime point to another, are summed
coherently (as waves), or incoherently (as particles).

The diffraction integral Eq. (10.10) also hinges on the paraxial assumption, by considering
the propagation occurring manly along a given direction, with slow (compared to the wavelength
of the wave) deviations from it [109]. Therefore, we can summarize the physical content of the
assumptions behind the diffraction integral as the requirements of having a i) slowly changing
direction of propagation and ii) wavefronts.

Our goal is to go beyond the diffraction integral, namely to understand the behavior of GWs
when these are treated as fields, rather than quantum particles, in the Hamilton analogy.!” We
expect these two descriptions not to be entirely equivalent: transitioning from a relativistic wave
equation to a Schrodinger-like one (e.g., assuming Eq. (10.6)) requires certain approximations,
excluding possible interesting phenomenology. After considering these points, one might argue
for solving the Helmholtz equation directly using field theory methods, namely in terms of a
path integral over field’s configurations rather than trajectories in configuration space. Indeed,
the analogy between quantum effects and wave optics extends to the field representation of the
wave, and it does not exclusively belong to the particle description. However, it’s important
to emphasize the merit and significant advantages of the particle-like description (in terms of
trajectories and momenta rather than field variables). Two reasons stand out prominently.
The first one regards the limit toward the GO regime, where the wave’s description naturally
transitions to one in terms of effective associated particles propagating along the rays [81, 82|.
Much of the standard lensing literature in GO is derived from solving the ray equation, thereby
describing waves in terms of coordinates and momenta, compatibly with the fact that in the
classical limit the uncertainty principle is trivial. Hence, having a generalized particle-like
description of the field allows a direct high frequency limit toward the well-known geometric
optics laws, contrary to a field approach, where this connection is more obscure. Secondly, as
point out in the Introduction, a particle-like description allows setting up a phase-space where
the statistical study of the stochastic gravitational wave background is usually staged.

11.3 Proper time path integral for a scalar wave

In this section we present our new formalism to generalize the path integral solution of the
amplification factor without imposing the eikonal and paraxial approximations of Eq. (10.6).
Firstly, we do so in the case of massless scalar fields, and then we generalize to the case of a
massive scalar field, and a massless field with spin in the next Sections. Our starting point
is once again Helmholtz Eq. (10.3), which is completely general. We solve it in terms of the
associated Green’s function G, (xy,x;) satisfying

[V + W (1 — 4aU)] Gu(xs,x;) = 0¥ (x5 —x;) . (11.14)

In order to continue having a particle-like description of the GW, we have to reduce Eq. (10.14)
to a Schrodinger-like equation as well. To achieve this description, we introduce the proper
time technique in the realm of gravitational lensing, instead of taking the route illustrated in
Section 10.2. This is a well-known method in the literature, which prescribes the introduction of
a new time-like parameter, 7, called proper time in a specific way, so that Eq. (10.14) becomes

17We stress that all the phenomena considered in this work are strictly classical, we only rely on 1/w <> h as
an analogy to borrow tools from known literature.
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a first order equation in 7, hence allowing an effective description of the GWs through an
associated particle in a higher dimensional spacetime.

11.3.1 Adding a new time parameter

We apply the proper time method in the case of waves propagating through a spacetime
with a lens. The main advantage of this methodology is that it allows a direct interpretation
of fields in terms of associated quanta, hence providing a description of the field in terms of
paths rather than field configurations. Here, we propose it for the first time to our knowledge,
in a classical gravitational lensing context. Among the references cited in the Introduction, we
mainly follow [40, 63, 39].

In the proper time method, the system’s dynamics is studied in a 5-dimensional (777)
spacetime and it is captured by the Green function G (xy,x;, 7). This is related to the 4-
dimensional propagator through its definition

Go(xf,%x;) = —5/0 dr "G, (xf, X, T) - (11.15)

By inserting this form of G, into its equation of motion, namely Eq. (10.14), and performing
an integration by part, one finds

Gu(xy,x;,0) —|—/ dr e™7 [g B vE 4io¢wU} Go(xp,%;,7) = 0P (x; —x;) . (11.16)
0

or w

Finally, imposing the initial condition G, (xf,x;,0) = 6® (x; —x;), Eq. (10.14) reduces to a
first-order differential equation in terms of the proper time 7

1 0 ~ 1 -

——Gy(xp,x;,T) = —EV2Gw(xf,xi, )+ V(x)Go(xs, %, 7) (11.17)

where we have defined
V(x) = 4aU(x). (11.18)

Eq. (10.17) is equivalent to a Schrodinger equation for a particle moving in a potential V'(x).
Note that we have obtained it without the eikonal and paraxial approximations, hence
Eq. (10.17) is completely general and valid for every frequency. The time evolving parameter
is now played by the proper time 7, differently from the diffraction integral where the
trajectories where parametrized by the radial coordinate. As in Section 10.2, also in
Eq. (10.17) 1/w plays the role of A, implying that the limit of high frequency w — oo can be
treated as the semi-classical limit in quantum mechanics, namely the limit of A~ — 0. The fact
that the Hamilton analogy is valid also in our formalism, tells us that we expect to recover
the GO description [81, 82| in the high-frequency limit also from Eq. (10.17). In Section 10.4
we will show that, by taking the eikonal and paraxial approximation a posteriori, our
formalism is the proper generalization of the WO analysis summarized in Section 10.2,
proving its solidity as a generalization of the standard GO and WO formalism.

Having recovered a Schrodinger-like equation, we can now express the associated solution
in the path integral representation [40]

B x(t'=1)=x¢ )
Go(xf,%x;,7) = / Dx(r)e? (11.19)

(1'=0)=x;
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where S is interpreted as the associated particle action, taking the form

T 1/d N 2
S[x,x] = / dr' L[x(7"), %x(7")], with L= 1 ( );(T/ >> —Vi(x(r")). (11.20)
0 T
According to Eq. (10.15), the original propagator is then given by
4 o ' (7'=7)=x5 '
Xy, xs) = ——/ ir e“”/ Dx(r)eS (11.21)
W Jo x(7'=0)=x;

Being the proper time 7 integrated over, it does not enter the system Green’s function, as
expected since this was introduced as a mathematical device. The equivalent form of G\, (xy, x;)
in quantum field theory is known as the worldline representation of the propagator, and it
has been used as an alternative and equivalent avenue to formalize perturbation theory. In
this formalism, one focuses on a 1-dimensional field theory, where the particle position z* is
seen as a set of four fields living on the one dimensional space of the proper time 7, called
worldline [47, 51, 45]. Namely, one sees the worldline description as the (relativistic) quantum
mechanics of the particles that are the quanta of the associated fields in the field theory.
Eq. (10.21) suggests the following interpretation for the propagator G, (xy,x;): it describes the
probability for the particle associated to \i!w(x) to propagate from a given initial point located
at x;, to the final one at xy, in a fictitious time 7. The integral over all possible values of 7
means that we have to consider all paths from x; to x; with duration 0 < 7 < 4+-oc. In other
words, it allows for the motion to occur at different “velocities”.

We also point out that the Green function in Eq. (10.21) is defined up to a dimensionless
constant, which can be fixed by physical arguments, such that the propagator in the absence of
the potential reduces to the standard Green function of the wave operator. Also the boundary
conditions are yet fixed. Since we are working in frequency space, one can pick for instance
retarded boundary conditions by continuing w — w + i€ upon performing the Fourier integral.

Although the Feynman-Fradkin representation of the propagator is an exact form, much of
its physics is embodied in the last 7 - integration, and before performing it, it is hard to draw
conclusion about the dynamics of the system [37]. Because of this, it is sometimes referred to as
an indirect representation. On the contrary, direct representations of the Helmholtz propagator,
where the integral over the proper time is removed, are usually approximate in nature. Indeed,
to do so one would have to exchange the integration order between the proper time and the path
integral, but this is not possible in an exact fashion because of the boundary conditions. We
shall see that one can exchange the integration order, or in any case perform the integral over
7, in the high frequency regime, where w becomes large [110, 60]. Since the aim of this paper is
to introduce in the context of GW lensing the proper time technique for the first time, we only
show its connection to the existing literature, as its limit toward the high-frequency regime.
Nonetheless, our propagator encompasses much more physics than that. Because Eq. (10.21)
is an exact solution, it can be used as starting point to investigate the behavior of GWs near
caustics, tunneling and many more effects [39, 12, 104, 111]. Understanding these phenomena
will be the object of future work.

11.3.2 Hamiltonian derivation

The proper time path integral representation of the Green function Eq. (10.21) can also be
recovered from an Hamiltonian point of view. We can identify G, (xy,x;), obeying Eq. (10.14),
as the matrix element

Go(xs, %) = (4] [V + (1 — 4a0)] ' |xs) (11.22)
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taking the form
i

Gu(xf,%x;) = ——/ dr <xf]ei‘”ﬂ\xi> : (11.23)
w Jo
where the particle Hamiltonian is given by
H=—p’+(1—4al), (11.24)

with p = iw™ !V and p> = p-p. As usual (see e.g. [31]), the propagation of a wave through the
background curved by the lens can also be seen as the problem of a wave propagating through
a medium with refractive index

n?=1-4aU, — n~1-2al (11.25)

hence the particle Hamiltonian would be given by H = —p* +n?% Eq. (10.23) clearly shows
that the proper time allows for a particle-like description of a field. Indeed, the matrix element
inside the integral is particle propagator, given in terms of a particle path integral, while the
field propagator is G, (X, X;), expressed as an integral over the proper time. Despite that a field
description and a particle-one are not equivalent, one can achieve a particle-like description of
the waves with the aid of the proper time. The Hamiltonian derivation of the field propagator
shows that one can introduce the additional time-like variable exploiting first quantization
tools and not just embedding techniques as in Eq. (10.15). Moreover, it nicely shows that the
gravitational potential U can be interpreted as the self-energy, dressing the free propagator in
momentum space, and supports its identification with the index of refraction. In Section 10.5.4
we will also show that it satisfies Dyson equations.

Note that this Hamiltonian derivation of the worldline representation of the propagator
is also used in [12] to derive the diffraction integral. However, the proper time is fixed by
considering fixed average energy configurations. Indeed, the Green function in Eq. (10.22) can
be interpreted as the fized energy propagator [39].

11.4 The high-frequency limit

In this section we prove that the formalism we set up is able to recover both the results
of WO literature (as described in Section 10.2) and the GO laws of propagation by taking the
high-frequency limit of Eq. (10.21).

11.4.1 Geometric Optics: the ray equation

In the limit in which w — oo, the complex exponential in Eq. (10.21) becomes highly
oscillating and the main contribution to the path integral comes from the paths that are close
to the minima of the phase. Therefore, the rays of the GO description emerge naturally in the
high frequency limit.

We start by considering the total action

Wix, x, 7] =7+ /OT dr'L[x(7"),x(1")], (11.26)

which is a function of both the proper time and the trajectories. The function W is also
known as the Hamilton characteristic function 34, 35]. The equation of motion of 7 gives the

constraint )
ow B 1 (dx(7) , B
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selecting a specific value of 7 as a function of the trajectory and the boundary conditions, which
we call 7. (this enters in the boundary condition of the trajectory). Considering, for instance,
a free particle, the only path must satisfy

1
)”(fre@(T,) = 07 1- Z|Xfree|2 - 07 (1128)
with boundary conditions Xf.e.(7" = 0) = x; and Xfre(7" = 7) = Xy, Implying Xfree =
(xf —x;)/7, and
Tfree = @ (11.29)

Eq. (10.27) is related to the conservation of energy. One might have thought that computing
the variation of the phase with respect to the proper time 7, would have lead to a constraint
on the associated Lagrangian L in Eq. (10.20). However, this is not the case as in changing
7, one also changes the path along which the action S is evaluated. Specifically, it can be

shown [103, 39] that

ow -
- =-H, (11.30)

where 7:[ is the associated Hamiltonian of Eq. (10.24). Indeed, one can derive Eq. (10.27) also
from H = 0 by plugging the expression of the velocity x, related to the momenta through
Hamilton equations x = OH /0p, in . Therefore, the Hamiltonian constraint above selects
those trajectories where the total energy is conserved (see Figure 10.2), among all the possible
paths. The fact that it is equivalent to the vanishing of the Hamiltonian, can be also interpreted
as the assignment of a dispersion relation, which defines the wavefronts, since H=0 implies
p? = n% This is also supported by the fact that Eq. (10.27) is the Hamilton-Jacobi equation
for the particle action S. We can also give an interpretation of this result in light of the
eikonal approximation described in Section 10.2. The diffraction integral has among its basic
assumptions the one of transforming a second order (in 7) partial differential equation, to a first
order one. We also commented that such a procedure is similar to taking the non-relativistic
limit from a Klein-Gordon to a Schrodinger one. Hence, we can read the fact that removing
the proper time fixes one particular 7 parametrization under the light of the non-relativistic
approximation.

Classical path X ,(7)

Space of all possible paths linking
X; and xfwith fixed average energy

Space of all possible
paths linking x; and X,

Figure 11.2: Among all the possible paths (green region), the constraint in Eq. (10.27) selects
only those paths connecting x; and x; with fixed average energy. The classical path satisfies

65 /6x = 0.

Note that the constraint in Eq. (10.27), is satisfied on the classical trajectory up to a
constant. The Euler-Lagrange equations of the particle’s action (10.20), pick out the path

)“(cl == —QVV[XCZ] ; (1131)
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and the time derivative of the Hamiltonian constraint

82W ..
=% B—C + VV[X]} , (11.32)

vanishes on the classical trajectory in virtue of the Euler-Lagrange Eq. (10.31). Therefore,
on x. the constraint Eq. (10.27) is already implemented up to a constant. This is the usual
result stating that only for the on-shell motion energy is well defined (begin constant in time).
However, it also means that the the knowledge of x. does not fix 7; because the constraint
equation is only recovered up to an arbitrary constant.

We can rewrite the total action W in a more familiar form by chaining the path’s
parametrization from the proper time to the path’s length dl = vx - xd7, leading to

vvzlmﬂwq—@ﬂgwnzlmmm@w», (11.33)

where n is the refractive index defined in Eq. (10.25) and where we have used the constraint in
Eq. (10.27). We can use this result to find the equations of the trajectories, namely the rays of
GO. These follow from the variational principle applied to Eq. (10.33)

5(Awmm@w»>=o, (11.34)

leading to the known Fermat principle [31, 32, 34|, a fundamental part of optics in the high
frequency regime. Note that the knowledge of a ray, gives automatically the phase space
variables: a unique trajectory has a well defined position (x*) and momentum (dx*/dl) vectors
at all points.

11.4.2 WKB form of the propagator

The results just found concern the stationary points of the path integral action. We can
do better and study the contributions of the first non-null fluctuations around the classical
configuration, which will dictate how the field’s amplitude changes during the propagation. As
we will show, these contributions are not suppressed by a factor 1/w in the final results, they
are an integrating part of the GO result. Following [39, 60, 111], we start the analysis from
the unconstrained particle action S (rather than W) in Eq. (10.20) and perform a saddle-point
approximation first in the trajectories, and then in the proper time. The procedure leads to

det[02S,/0x}dxh]

GWKB xf,XZ N Z 82501/87'2

ein[ Z’T ] 7,7'('711/2’ (1135)

where we have used the Van Vleck-Morette determinant [39]. The sum over I, corresponds to
the sum over different classical configurations, i.e., different images, if Eq. (10.31) has multiple
solutions, while the one over .J accounts for possible different values of proper time fixed by
the constraint Eq. (10.27) for each image. A is a dimensionless normalization constant that
has to be fixed, and the factor n! is the number of negative eigenvalues of the Hessian matrix
of the image I, also related to the number of focal points lying on the classical trajectory [39],
as stated by Morse theory. The amplitude of the WKB propagator can, in principle, diverge.
These can occur on caustics (infinities of the Van Vleck-Morette determinant) or at the zeros
of the denominator. Concerning the first, these are lines of infinite magnification, signaling
the breaking of the saddle-point approximation when two classical trajectories merge into each
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other. On the other hand, the zeros of 92S.; /012 are found in correspondence of the turning
points of the trajectory, namely when X = 0 and the system changes direction of motion [39].

As an example, we compute the square root in Eq. (10.35) in the absence of the potential,
and show that this leads to the decay with distance o< 1/|xs—x;| typical of the free propagation.
Indeed, if one assumes a GW source localized at a certain spacetime point x,, then the field
solution takes the form

U (x) = S(x,) GVEE(x, %), (11.36)

where S(x;) is the value of the source’s amplitude at its location. Hence, the decay with
distance typical of freely propagating fields must be contained in the Green function. The first
ingredient we need is the classical trajectory. In the absence of the potential, this satisfies
Eq. (10.28), and the velocity is given by x4 = (x; — x;)/7. Therefore

x; — x|

Sulr] = —. 11.37
i[7] ym (11.37)

The derivatives entering the square root in Eq. (10.35) are then easily computed

0?8, g 0?8, — x;?
Lo Db o xr = %" (11.38)
0x$0x; 27 or 273
giving
1 eiw|xjc—xi|

GO P (xr,%x;) = (11.39)

Cdmxp— x|

since the Morse index is null in this case, and where we have used Eq (10.29) to compute the
phase. We have recovered the free propagator (see later Eq. (10.57) for its explicit computation),
and fixed the normalization constant accordingly, choosing N' = —1/27. The same computation
can be performed again accounting also for the gravitational potential, if one knows how to
solve the equations of motion of the classical trajectory. To keep the potential generic, here we
take a perturbative approach considering that its effects on the trajectory are small. Recalling
that V' = 4aU, we use the smallness of a and solve Eq. (10.31) as xu(7') = Xpree(7") + aq(7),
where X .. = 0 while

d’q(r')

dr'?

with boundary conditions q(7" = 7) = q(7" = 0) = 0. Therefore the action evaluated on
classical path is

Salr] = /0 " E (‘Zﬁ’)Q —V[xcl(f’)]] =

‘Xf_XiP T Xy —X; dq _
=1 " +a i dr' | =5 7 — AU Ryree(T)]| =

= _QVV[ifree(T/)] ) (1140)

(11.41)

where in the last line we defined V collecting all together the first order contributions. From
this expression, we can take again the second derivatives of the action evaluated on the classical
trajectory with respect to the initial and final points, and the proper time

82561 [7’] . 5ab 82V 82501 [T] . |Xf — Xi‘Q aZV

—— = 11.42
dx40x} 27 * a@x?@mﬁ? ’ or? 273 o or? ( )
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yielding the WKB form of the propagator

1 wW [xep,Tel] — x; 62
GZVKB(Xf>Xi) ~ e— [1 — @M <TI‘ V

a b
0x$0;

- 11.43
AT %y — x| o )

N 1821/
4 012

where we have fixed the normalization constant in the limit o — 0 using the free propagator.
Since we performed the expansion in o < 1, this result shows the decay with distance typical of
the wave’s propagation, at zero-th order in the parameter. The presence of the lens generates
both a modification of the amplitude (the second term in the parenthesis) and in the phase
(WX, Ta] has a term O(a)). Both of these two terms are frequency independent, as it should
since we are considering the high-frequency limit and the GO laws are achromatic. Note also
that the assumption @ < 1 implies that there is only one classical trajectory, reason why we
removed the summation over the different images.

Tel

11.4.3 Recovering the diffraction integral under the paraxial approx-
imation

In this section we want to show that Eq. (10.21) reduces to the WO literature presented
in Section 10.2 starting from our propagator given in the worldline description. Given all that
we discussed, few points are clear: we should recover the diffraction integral by imposing the
paraxial and eikonal approximations on our Green function and, in doing so, the integral over
the proper time should be removed. Indeed, the main difference between our approach and the
diffraction integral is the presence of the integral over all possible values of the proper time. If
one was able to remove this last step, then the two description should match. In general, though,
it is not possible to exchange the integration order between the proper time and path integrals
and perform the former first, because the latter has integration boundaries which depend on
7. Nonetheless, exchanging the two integrals can be done in the high-frequency limit [37], as
shown by the Feynman-Garrod representation of the propagator [37, 38, 112, 60]. To achieve
it, we assume to pass the proper time integral through and perform a half-step compared to
the derivation of the WKB form of the propagator, fixing the value of the proper time, while
leaving free to vary the trajectories. This approach can be carried out in two ways: performing
a saddle point approximation considering variations in 7 around its classical configuration, or
by strictly imposing the vanishing of the Hamiltonian, hence requiring that Eq. (10.27) holds
exactly and simply evaluating the integral in 7. Practically, both of the approaches imply a
series in 67 = 7 — 7,4 of the phase "' and in the first case the series is truncated at second
order, while in the second case at first order. We illustrate both of the two options, showing
that the first leads to the Feynman-Garrod form of the propagator while the second one to
the diffraction integral in the paraxial limit. Note that this derivation is similar to the one
displayed in [104] where the diffraction integral is found starting from the dispersion relation.

The diffraction integral

We start with the approach that leads to the diffraction integral, namely requiring that the
Hamiltonian constraint is valid exactly. Therefore we simply evaluate the integral in 7 as a
suitable normalization (taking care of the dimensions) times the path integral evaluated in the
classical configuration 7. Enforcing Eq. (10.27) and writing the path integral in terms of the
arc length, instead of the proper time, leads us to

l/:lcl):xf . Lot g1 ’
DX(ZI) e Jot dl'n(x(I")) , (1144)

x(
Go(xs,x;) ~ N/
x(l
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showing that the action weighting the paths is given by the refractive index, as it known
in optics [12, 31, 32, 113]. The normalization factor A will be subsequently determined by
requiring that in the limit wRy — 0 we find the free propagator of Eq. (10.57). Hence we
expect a behaviour like N' o< 1/|xs — x;|. Having removed the integral over the proper time,
we proceed in evaluating the Green function under the paraxial approximation by considering
waves propagating along a main direction, with small deviations from it. In full generality, we
choose the propagation direction to be along the z axis and that the lens is thin. We redefine
the spatial coordinates as x = (&, z), where ¥ is the 2-dimensional vector # = (2!, z%). The
constrained total action receives two contributions

lel lel l
W = / dl' n(x(l") = / dl' [1 —2aU(x(I")] = laq — 204/ dl'U(x(l')), (11.45)

0 0 0
where the first term represents the geometric time delay, t,.,, while the second one is the
gravitational time delay 4.4, experienced by the paths immersed in the gravitational field of
the lens. The geometric time delay can be integrated using the Pythagorean theorem in the
paraxial approximation. We implement this by requiring that the rays bend instantly as they hit
the thin lens plane, and the horizontal displacement has to be much smaller than the distances
ro and 7, separating the observer from the lens and the source from the lens (see Figure 10.1).

After some manipulations, we obtain

Torr + Tsrro

-0 (i

where I (11.46)

tyeom = Lot = =
geom Ci 2 T‘LoT‘L TO

where o and Ts are the 2-D vectors describing the observer and the source position in the
lens’ plane, as in [12|. As for the gravitational time delay fg.q,, the thin lens approximation
allows us to approximate the integral by collapsing the gravitational field over the z axis. In
this way we can re-express t 4,4, as a function of the impact parameter Z(l) in the following way

ler ~
tgrav = —204/ dl'U(x(1") = —204/U(a7+ 22)dz = —)(T). (11.47)
0

As explained in [26], the result of the thin-lens approximation is that the paths that contribute
the most to the phase integral are well approximated by #(l) = Z1, namely by a constant
vector. In this case the path integral collapses to a 2D integral on the planes orthogonal to the
z direction

Zo 1 N

G (x0,Xs) = N/ d¥ exp q iw | = ro (Z— @) —(@)]|p . (11.48)
Zg 2 TLo"’r

where we have considered the source located in x; and the observer in x;. This result matches

the diffraction integral found in [12], and it is equivalent to the one described in Section 10.2.

Thus we have proved that our formalism encompasses the current WO literature in the eikonal

and paraxial limits.

The Feynman-Garrod propagator

Instead of enforcing the Hamiltonian constraint strictly, one can also expand the total phase
up to second order in 7 — 7, and perform the Gaussian integral over the proper time. This
requires to exchange the order of the proper time and the path integral, procedure which is
allowed in the high frequency regime [110, 38, 112, 60]. Doing so, leads to the Feynman-Garrod
representation of the propagator
T'=T) =X

Dx(7")
'=0)=x;

eiw Wx, X, Te1]

\/[82W[X, X, Tal/0T?]7, ’

x(
Go(xy,x;) %N/ (11.49)
x(7
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where the normalization still needs to be fixed suitably. The square root at the denominator
comes from the Gaussian integral and it can develop poles, corresponding points where the
approximation performed breaks down. Indeed, the enforcing of the Hamiltonian constraint
leads to the existence of caustics [102, 109, 39] where the saddle point approximation breaks
down, as it is unable to account for nontrivial wave contributions. As it can be understood
from Eq. (10.32), the zeros of the denominator in Eq. (10.49) are found in correspondence of:
the classical trajectories, turning points where x = 0, or points where the velocity becomes
orthogonal to the acceleration and the force exerted on the particle. Regarding the first case,
from the WKB analysis carried out previously, we know that this divergence is not there:
when the classical path dominates the path integral, the second saddle point approximation
performed on the paths brings down an additional amplitude factor canceling out the vanishing
0?W /0712, Before examining the other two possibilities generating a pole in Eq. (10.49), we
stress that we expect to recover a description exclusively in terms of particle trajectories under
the two assumptions of eikonal and paraxial. The second one in particular, requires that the
wave propagates along a main optical axis, with small deviations away from it. Therefore,
the other two options for the vanishing of the denominator, are excluded from the range of
validity of the paraxial assumption: when the velocity vanishes, the particle’s trajectory hits a
turning point inverting the direction of motion, while when the velocity and the acceleration
(or force) are orthogonal, the particle changes direction of propagation. In both cases, the
path changes direction considerably, hence invalidating the paraxial assumption. Intuitively,
to transition toward the paraxial approximation we demand that the trajectories included in
the path integral always move forward and we further restrict the trajectories considered for
the path integral in Eq. (10.49), already constrained by Eq. (10.27), to those that satisfy the
paraxial approximation.

In the standard literature of WO, the diffraction integral is also used to compute the beyond
geometric optics corrections. These are corrections to the w — oo limit of the amplification
factor and are computed by expanding up to fourth order in x — x.; the phase of the highly
oscillating exponential of the diffraction integral. However, from our derivation it is clear that
the derivation of Eq. (10.10) is approximated in nature, and especially the comparison with the
Feynman-Garrod representation in Eq. (10.49) questions the validity of the beyond geometric
optics expansion. Indeed, in such expansions the proper time 7 and the path x(7') are treated
on unequal footings. One should first make sure that the assumption of H = 0 is consistent
with keeping higher orders in the perturbation series around the classical trajectory.

11.5 Perturbation theory

In the previous Section, we derived the laws of GO and the diffraction integral starting
from our main result in Eq. (10.21). In this part of the work, we set up the perturbative
expansion of the Green function in the parameter aw, investigating its prediction away from
the high-frequency regime.

11.5.1 Setting up the the expansion

Identifying the free action as Sy = fOT dr’ }L (d—x)Q, we can rewrite the total Green function

dr!
of Eq (10.21) as

. +00 ' x(7'=1)=xy ' T
Gu(xf,%x;) = _i/o dTe“‘”/ Dx(7') e exp {—iw/ dT/V<X(T/)):| , (11.50)

w (1'=0)=x; 0
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and expand in series the last exponential if the combination of the parameter aw is much
smaller than one (« is contained in the definition of V),

exp [—m/TdT'V(x<T'))] ~1 —w/OT ar'V(x()) — (/0 dT'v<x(T'>>>2+... (11.51)

0

We can use this expression to define the Green function at various perturbation orders

. +00 B ~ 2 ~
Gu(xy,x;) = —i/ dr ™™ {G&O)(xf,xiﬁ) — W G&l)(xf,xi,r) — % Gf)(xf,xiﬂ') + ...
W Jo
(11.52)
with
N x(t'=7)=x¢ '
GO (x;,x;,7) = / Dx(7') e, (11.53)
x(1'=0)=x;
~ x(t'=7)=x¢ ' -
GO (s, x5, 7) = / Dx(r') % / 7'V (x(7)), (11.54)
x(7'=0)=x; 0

x(t'=7)=x¢

é’ff)(xf,xiﬂ') E/

x(7'=0)=x;

Dx(+) €59 l /0 "V (x(n) /0 ' d@x/(x(@))} (11.55)

Given a specific form of the gravitational potential V', one can then use these equations to
compute its effects at various order. Note that, because V = 4aU, each order in the expansion
is proportional to (wa)™. In the next two Sections, we will provide further details about the
latter equations.

11.5.2 The free relativistic particle propagator

We start by computing the free propagator, namely Eq. (10.53). In this case, the path
integral can be evaluated (see Appendix 10.9) and GY (x7,%;) takes the explicit form

~ 3/2 w 2
GO (x;. x;, :< ~ ) bl 11.56
O i) = (=) e (11.56)
while the integration over proper time gives
; +oo tw|x f—%;|
1 L~ 1 e f
GO(x;.x, :__/ dr GO (x;y x,7) = — 11.57
w (Xp,Xi) = —— e o (Xf, %, ) g — (11.57)

which is the standard form of the Green function of the wave operator in frequency space.
In order to get a more familiar form, one can move to momentum space by performing a 3D
Fourier transform

1 5 6z‘o.)|Xf—xi|—ip~(er—xi) 1

GO(p) = R

CAr 1x; — x| TP —w?

(11.58)

Drawing an analogy with the propagator of a massive scalar field, we see that iw plays the role
of the mass of the associated particle [33].

If the propagation does not start at 7/ = 0 (we will see an example later), the free result is
generalized to

~ x(1'=Ta)=%Xa . Ta ./ I () !
GO (x4, %1, 7 — T) = / Dx(7) ¢ 47 bl

x(7'=7p)=x

w 3/2 @\Xa—Xb\Q
— _ et Ga—my) | (11.59)

dim (T,
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11.5.3 First order

We now turn to the first order contribution, namely Eq. (10.54). In this expression the
only information about the specific path x(7) that the gravitational potential can give is the
position of the path at the given proper time 7/. Before and after that moment, the scalar field
is evolving freely. With this consideration, we proceed following Feynman’s argument in [103],
and divide each path in two parts (one before 7 = 7/ and one after), and require that, at the
given time 7, each path goes through a specific point x7 = x(71). By doing so, and integrating
over all possible values of this division point xj, one gets the following expression

G (xp,x;,T / dﬁ/ dx; GO (xp, x5, 7 — 1)V (x) GO (x5, i, 1) (11.60)

which suggests the interpretation of a particle propagating freely except for when it interacts
with V. Such interaction can be seen as a “scattering event” occurring at a specific point
in space. The full probability amplitude is then built from marginalizing over all possible
scattering centers.

This representation is widely known in literature. Particularly in the context of cosmology
and gravity, it has been used to described the contributions due to self-forces and tail effects
[114, 115, 116, 117].

11.5.4 Higher orders

Now we work Eq. (10.55). As in [103], we assume 73 < 73 and double the integral. To avoid
clutter in the notation, we implement this condition by assuming causal propagation, namely
that G (X, Xp, 7o — ) = 0 if 7, — 7, < 0. Then, as done for the first order, we divide the
propagation path into three pieces: before 71, between 7 and 7, and after 75. This reflects the
fact that the particle scatters with the potential at the two proper time instants of 7 and 7
and propagates freely otherwise. Proceeding as before, one obtains

_ +oo +o0
G (x;,%,,7) —2/ dﬁ/ dTg/ dxl/ dx; x

[G © (Xf7 X17 T = Tl)v(xl)G(O <X17 X27 T — T2 )V(XE)GS)O)(XE, Xi, T2>
(11.61)

Going to higher orders in perturbation theory in the worldline description means adding more
and more scattering points. Indeed, organizing the perturbation theory in this fashion has
the advantage of being straightforwardly iterated to higher orders: G (xr,x;,7) will have a
similar structure with one more gravitational potential insertion and so on. This way, at the
n — th order in perturbation, the probability of going from x; to x; is built as the sum of the
probabilities of doing so with ¢ scattering, where ¢ € [0,n]. It is important to point out that
no assumption has been made on the shape of the gravitational potential, such as the thin
lens approximation. Indeed, here V' (x(7)) is extended and the integration over all the division
points x* spans all spacetime, also the points where the potential is non-zero. Nonetheless,
the perturbation theory considers free propagation before and after each scattering event, even
if the propagation is occurring in a region where V' # 0. This assumption is called Born
approzimation [103]. The way that the perturbation theory reaches higher levels of accuracy
is by considering more and more interactions points between the wave and the potential. At
higher perturbative orders, the number of scattering points grows, accounting for a less coarse
exploration of the potential. This structure is represented in Figure 10.3. In the n — oo limit,
Born approximation becomes exact as there is no more free propagation inside the gravitational
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potential. This suggest that, in this limit, one can resum the perturbation theory and obtain
an exact result. Indeed, by considering infinite scattering points, the expansion series can be
organized in such a way that, by factoring out the last scattering point, the Green function
takes the form

Go(xf,xi,7) = GO (x5, %;,7) — iw/ drrs GO (xs, %15, T — 71.5) V(X15) Gu(XLs, Xi, TLs) -
0

(11.62)
This equation states that the full probability amplitude for the associate particle to propagate
form the initial x; to the final x; point (the lLh.s), can be obtained as the sum of the free
propagation (first term on the r.h.s) and the conditional probability of interacting on the last
scattering point (LS) after having propagated with probability amplitude dictated by the full
theory. Eq. (10.62) is an integral equation for the exact Green function. Interpreting the
gravitational potential V' (x) as the proper self-energy, then Eq. (10.62) becomes equivalent
to Dyson equation, found in quantum field theory [118] and in non-relativistic many body
theory [119]. The interpretation of the gravitational potential as self-energy, dressing the free
propagator, is also clear from the Hamiltonian description laid out in Section 10.3.2.

/ Xop X0
X X
s () § @)

Figure 11.3: Depiction of the perturbation series we set up, showmg three orders in the Born
approximation. The solid line represent the free propagator G (xf, X;, T) connecting various
initial and final points. In figure (1), the particles travels through the region where V' # 0
freely, hence representing the lowest perturbative order. Adding more Scatterm%; points means
going to higher orders in perturbation theory. Figures (2) and (3) represent Gl (xf,x;,7) and

G*S?) (xf,%;,T) respectively, where the wave scatters once and twice with the potential at the
points x7 and x3. The propagation occurs from the source x; = xg, to the observer x; = x¢.
In the ideal limit of infinite scattering points, there is no more free propagation inside the
potential.

11.5.5 Perturbation theory with the Generating Functional

A key feature of the path integral description, is its organization in terms of the generating
functional [45, 120, 121|. By adding a source to the phase weighting the paths, one can obtain
expectation values of operators by taking functional derivatives of the generating functional
with respect to it. In the context of the worldline representation, the generating functional is
defined as ()

x(1'=T)=x T
20,7 = / Dx(r') exp [m / dr' (L+3()-x(7))| | (11.63)
x(1'=0)=x; 0
where L is the associated Lagrangian, given by Eq. (10.20) and J(7') is the current acting as
the source of x. Note that, since we are working at the particle level through the worldline
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approach, operators are functions of x(7), rather than fields. For instance, in Eq. (10.55), we
have two gravitational potentials evaluated in x(7;) and x(72). Expectation values of operators
can be obtained by taking functional derivatives with respect to the current J and then setting
it to zero, namely

o Z[J, 7]
6J(m1)...03(m)

x(1'=7)=xy .
= / Dx(1') e x(1) ... x(T), (11.64)

x(7'=0)=x;

J=0

since the action of the functional derivative is analogous to its counterpart in quantum field
theory [118], namely 6.J;(71)/dJ;(12) = ] 6(71 — 72), thus

i 5an) exp {m / ' dT'J(T')x(T')} — x(r) exp {m / ' dT’J(T')-x(T')} | (11.65)

0 0

As usual, one can produce a perturbative expansion also through the generating functional by
writing the latter as

203,7] = exp {m /0 py (i%) (f)} Zol3.7]., (11.66)

where Zy[J, 7] is the generating functional of the free theory,

Zold. 7] = /X T () esp [m /0 " (§+J<T') -X(T'))] | (11.67)

(7'=0)=x;

In Eq. (10.66) the operator V evaluated in the derivative with respect to the current, is to
be intended through its Taylor expansion. The free generating functional is quadratic in the
velocity, hence it can be computed explicitly

Zo[J, 7] = exp {iw /OT dr’ (—}lxdd—;x + J(r’)x(r’)ﬂ =

T 2 T
— exp [w [ ara(-gx-a6na) ]exp i [Cararsac - i)
0

(11.68)

where A = % and A(7" — 7”) can be interpreted as a proper time propagator, describing the
probability to go from 7 to 7/ and obeying

— AT =7 =6(7 - 71"). (11.69)

Note that the first factor in Eq. (10.68) gives an overall normalization constant, which can be
reabsorbed in the overall one.

11.6 Applications

In this Section we provide two applications of our formalism. First we show how it can
be implemented also for massive scalar fields. Then, we provide an explicit example of the
first order correction to the propagator, i.e. we compute Eq. (10.60), for a specific choice of
gravitational potential.
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® ”0

Figure 11.4: Lensing situation considered. The coordinate system is now centered on the lens
and the distances to the source and observer are large.

11.6.1 Coulomb potential: an explicit example

In this section, we obtain an explicit result for the case of a spherically symmetric potential,
describing the standard scenario of a gravitational potential generated by a compact object.
In particular, we shall compute Gful)(xf,xi, 7) of Eq. (10.60) for a Coulomb-like potential, i.e.

U ~ 1/r, and the total first order Green function in frequency space, GS)(X 7,X;), by integrating
over the proper time. To do so, we will first consider a Yukawa potential,

U=——"¢", (11.70)

where a sets the scale of the range of the interaction, and then take the a — oo limit. Introduc-
ing this length-scale, allows us to regularize the divergent integral in Eq. (10.60), and perform
it. We also recall that, in the unit where ¢ = 1, then MG has dimension of a length and it
coincides with the Schwarzschild radius of the lens, and the gravitational potential is dimen-
sionless. In order to have a more clear picture in mind, let us identify the initial propagation
point with the position of the source emitting the GW (i.e. x; = xg) and the final point with
the position of the observer (i.e. xf = x0). It is convenient to center the coordinate frame
on the lens, and consider that rg and ro are much larger that the distance to the scattering
point r,. Namely, we consider that the points where the waves are produced and observed are
distant from the point where the interaction occurs. This is a good approximation when V'(x)
has a compact support, or decays fast enough at large distances, hence allowing us to stop at
first order in perturbation theory. In particular, we consider (see Figure 10.4)

Xs = {7“5, —05}, X0 = {7‘0,90}, X* = {r*,@*} . (1171)

The integral over time of Eq. (10.60) can be performed

/ i GO (x0, %, 7 — 1)V (x*) GO (x*, x9,71) =
0

w \5/2 3 1 1 iw * *1)2
= [ — -3/2 17 (Ko=x*[H|xs=x* )71/ (x* 11.72
<4i7r> T (lXo—X*| - |XS_X*|> ‘ ) | )

where we have used that V(x*) does not depend on 7’ at this stage (see Appendix 10.10 for
the explicit computation). To proceed with the spatial integration we consider that the source
and observer are located far away compared to the lens. Imposing rg > r* and rp > r* gives

|x* — xg| ~rg (1 + 7“_05 : 0*) , |x* — xpo| ~ 10 (1 - 7“—90 . 0*) : (11.73)
s ro
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which we keep at lowest order in the first parenthesis of Eq. (10.72), and at first order in the
exponential since this is quite sensitive to small relative changes in the phase. As prescribed in
Eq. (10.60), we compute the spatial integral in the case of the Yukawa potential in Eq. (10.70).
Defining the vector R = (rg+170)(0s — 0o), with modulus R = /|R|? the first order worldline
propagator takes the form (see Appendix 10.10 for the explicit steps)

G(l) (x0,Xs, T /d3 */ XO,X*,T—T’)V(x*)ég])(x*,xs,T')
5/2 —3/2 % (rg+ro)?
~ 167G (1 ) I . (11.74)
-2

We see that the scale of the interaction a, can be removed at this point by taking a — oo,
as the divergent integral has now been performed. We take this limit and produce the result
for the full propagator, by integrating out the proper time (see Appendix 10.10 for the explicit
steps)

. 400 ~
GS)(Xo,Xs) =_* / dr ™™ GS)(X, Xg,T) =
W Jo
MG (1 1Y €050 (1~ iw(rs + o)) (11.75)
oaw? \ro g R? ) ’

Hence we have arrived to the first order Born approximation of the Green function describing
the dynamics of the system, which considers that the wave propagates freely except when the
one interaction takes place. We can compose the full Green function by summing the zero-th
and first order results for the Coulomb potential

Gu(x0,Xs) = GSJO)(Xo,XS) — z'wa})(xO,xS) ~

1 eiw(ro+rs) 1—34
c + dia(wMQ@) iw(rs + ro)

Q

(11.76)

47 To + Ts TSTO|05’ — 90|2w2

where we have used Eq. (10.57) and in the last line we have written the parenthesis in a way
that clearly shows that the first order contribution is dimensionless (MG is the Schwarzschild
radius of the lens). We point out some characteristic of Eq. (10.76). First, the divergence in
the forward limit 85 ~ @ is typical of an interaction mediated by a long range force, inducing
an interaction between the wave and the lens also at very long distances, and it is mitigated
by the smallness of the interaction (the coupling constant is G). Another remarkable feature of
Eq. (10.76) regards the static limit, which seems not to be possible for the 1/w factor. However,
in our treatment we had to assume w # 0 in order to introduce the proper time propagator
with the correct —i/w normalization. Because of this reason, taking the static limit is subtle
but one can do so by considering w — 0 while keeping wrg,wro finite. This prescription is
necessary to remain within the realm of our assumption, and it leads to the correct results
as well. Another possibility, is to take the limit wMG — 0 as proxy for the static limit. In
this case, the wavelength of the wave (A ~ 1/w) becomes much larger than the Schwarzschild
radius of the lens and the interaction is suppressed as expected. Indeed, we see that the
interaction (encoded in GS)(Xo, Xg)) vanishes either if @ = 0, i.e. when there is no lens, or in
the MG /A — 0 limit which corresponds to the fully diffractive regime. We also point out that
any frequency dependent modification to the Green function appears in combination iw or w?
compatibly with the fact that the Green function in time domain is real, implying G, = G* ,
Finally, we use our result to connect our theoretical framework to an observable, namely
the distance to the source. This can be obtained from the waveform through an inverse pro-
portionality relation in GO regime [81, 82|. The presence of the lens along the propagation will
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introduce modifications in the inferred distance, which are also direction dependent [122]. We
consider a source S localized at x,, so that the scalar field at the observer position takes the
form ﬁlw(xo) = A;, G, (x0,xg), where A;, is the initial amplitude. From the form of the free
propagator, we recognize in rg + ro the distance from the source to the observer, since we set
the center of the coordinate system on the lens. We call this distance dgo = rg + 70, which is
the unperturbed distance in the sense that it is the correct one in the absence of the lens, and
it does not depend on the direction of arrival of the wave. We can then use the fact aw < 1 to
rewrite the propagator in Eq. (10.76) as

~ , iw(rs+ro) iw(rs4ro)
\I/w(XO) =~ _Azn & ' _ _ﬂ 6—’ (1177)
I dso [1 - dia(wMG) 2l ir  dso

rs70l0s—00[?w?

where in the last step we identified the denominator as the corrected distance in presence of the
lens, dso. While the unperturbed distance depends only on the radial coordinates, the presence
of the lens introduces a dependence of dgo also on the deviation angle. We can compute the
source-observer distance fluctuation as

dso —dso _ Adso

= — = —4dia(wMG@G
dso dso ( )

1 —iw(rs +ro)
7“57’0|95 — 00|2w2 '

(11.78)

To facilitate the comparison with other works in literature, we also report the expression of the
amplification factor which can be understood from Eq. (10.77). This is given by

1 —iw(rs +ro)

\i’w(Xo)
F,(x0) = =222
(XO> T5T0|05 — 00|2w2

= (o) =1+ 4dia(wMG)

(11.79)

where the unlensed solutions can be found by setting M = 0 in Eq. (10.77). One can compare
this expression for the amplification factor to its analogous result obtained from the diffraction
integral (see e.g. [123] Eq. 22) . Both amplification factors show that deviations from the
unlensed solution are proportional to wM G, indicating the vanishing of the effects in the fully
diffractive regime, and their structure in the complex frequency plane is such that the real time
counterpart is real. Both expressions show a divergence in the w — 0 limit, in Eq. (10.79)
with a 1/w falloff, and in [123] through a logarithmic term. However, the radial dependencies
are different, especially concerning the divergence in the forward limit, due to the different
approaches and approximations employed.

11.6.2 Massive scalar field

We now consider a massive scalar field as prototype of massive gravity theory. This case
was already considered in [124] to investigate the possibility of constraining the field’s mass
through lensing observations of combined GW and electromagnetic signals. In a standard lens-
ing scenario, electromagnetic waves are usually in the GO regime, while GWs can have longer
wavelengths and display WO effects. In these situations, the two lensing patterns can be used
to break degeneracies and constraint both the properties of the lens and of the two messengers.
Also [124] relies on the diffraction integral for its prediction, hence here we generalize their
description within our framework, which we can easily re-propose with suitable modifications.

We start from a KG equation for a massive scalar field (O — m?)¥ = 0 in the curved
background. The Green function Eq. (10.14) then becomes

[VQ + w? (1 — Z—j) [1— 4aU]] Go(xs,%x;) = 6% (x; — x;) . (11.80)



11.7 Lensing by a Black Hole: adding the polarization 159

We can make the frequency redefinition

m2

W = W I—E, (11.81)
and obtain an equation which is exactly equal to Eq. (10.14) upon replacing w with w,,. Con-
sequently, the exact solution of Eq. (10.80) is given by

g x(r=nex, |
G (X, %)) = ——— [ dren / Dx(r')eins (11.82)
0

Wm x(7'=0)=x;

and the discussion of the previous sections can be reproduced straightforwardly but, in this
case, the optical regime of the wave is regulated by the parameter w,, instead of w. When the
frequency of the wave is much larger than the field’s mass, i.e. w? > m?, then w,, — w. This
regime corresponds to Fourier modes whose associated length-scale (~ 1/w) is much smaller
than the Compton wavelength of the field, hence they are not influenced by the presence of the
new scale. Vice versa, when w? < m?, then the frequency w,, becomes purely imaginary and
the dynamic is suppressed.

11.7 Lensing by a Black Hole: adding the polarization

An interesting example!!!

Having set the formalism for a scalar field, in this section we generalize our results for
perturbations of higher spin. This task would require to solve Maxwell’s equations for fields of
spin s = 1, or the linearized Einstein’s equations for s = 2, over the background described in
Eq. (10.1). This task is highly complicated and not analytically solved for generic gravitational
potentials yet. Nonetheless, for specific forms of V', the solutions of the mentioned equations
are known in literature. One example are Kerr and Schwarzschild BHs, which we consider
in this Section. To be consistent with the literature, in this Section we consider units where
¢ = G = 1. To restore the dependence upon Newton’s gravitational constant, it is sufficient to
perform M — MG.

11.7.1 Preliminary about Black Hole perturbation theory

Studying the equations of motion of test fields of different spin is the heart of the literature
concerning BH perturbation theory. The field has started with the pioneering works of Regge
and Wheeler [125] and Zerilli [126] for Schwarzschild lenses, and it was then expanded to Kerr
BHs by Teukolsky in [98], providing a master equations for perturbations of different spins over
such background. The key feature of Teukolsky equation is that, rather than being written in
terms of the field variables, it is an equation for a specific Newman-Penrose (NP) scalar [99].
Such variables are related to derivatives of the test fields and, at linear order in perturbation
theory, they are gauge invariant [91]|. For instance, for s = 2, Teukolsky equation is an equation
for ¢ = {4, p %4} where p = —1/(r — iacosf), a being the Kerr parameter of Eq. (10.84),
and

g = —0 (C”al,g l”mo‘l”mﬁ) , g = —0 (Cua,/g n“man”mﬁ) , (11.83)

where C),q,5 is the Weyl tensor and {l*, n#*, m*, m*} are the elements of the NP null tetrad. As
an example, the two scalars ¢y and ¢4 on a Minkowski background, are related to gravitational
waves as {1g, s} o< {hy +ihy , hy — ihy } [127], namely the second time derivative of the two
GW polarizations. For a vector field, the NP scalars composing the doublet v are related to NP
components of the Maxwell tensor, while for s = 0, ¢ is proportional to the scalar field itself. In
this section, therefore, we borrow the results of BH perturbation theory studies, and generalize
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the formalism presented in the previous Sections, for perturbations of spin |s| = 0,1/2,1,2.
Hence, here we consider as background metric the one of a Kerr BH

in’ 2, qin2
ds® = <1 - 2MT> dr* + —4M‘”;m Oitdo — Za6> — sin?6 <r2 g2y PMTSTON e

> A >
(11.84)

with
Y =71%+a’cos’ 0, A=71*—2Mr+a?, (11.85)

instead of the one in Eq. (10.1). Teukolsky master equation then reads [98, 91|
(T2+a2)2—a2sin29 8_2+4Ma7’ 0? N @ 1 ” 1 0 sinéﬁ B
A ot? A Otdp A sin?6] 9% sinf 00 00
_ - 2 _ 2
iy {a(r M) ZCOS@‘| 0 5 [M(r a®)

+ —r —iacosf 2—1—
A sin® 6

9, ° A ot
0 0
2 29 _ A—S s+1 —
+ (s“cot“f —s) — A e <A _ar) }w(t,r,ﬁ,go) 0, (11.86)

where v is the NP scalar, as explained. It is straightforward to show that the latter equation
reduces to Eq. (10.3) for a spherically symmetric (¢ = 0), static lens in Newtonian regime
(r > 2M), by taking the suitable limit. Indeed, the metric in Eq. (10.1) is included in the
Kerr family if one restricts the study to radial potentials of the form, i.e. U(r,0,¢) = —M/r.
However, we emphasize that Eq. (10.93) is exact while Helmholtz Eq. (10.3) for the scalar
problem was found by linearizing to first order in «, namely the strength of the gravitational
potential.

11.7.2 Proper time solution of Teukolsky equation

The goal of this Section is to show how to recast Eq. (10.86) into a form similar to Eq. (10.3),
so that one can re-apply all the previous arguments in the case of higher spin fields. Following
the standard procedure, we exploit the symmetries of the Kerr metric and decompose the scalar
variable v as

Y =e ™ S(0)R(r), (11.87)

so that Teukolsky equation decouples into two, one for the radial and one for the angular
angular variable

d dR
AT — AT — = 11.
o ( dr) + Vr(r)R=0, (11.88)
1 d ds
— | sinf — = 11.
0 20 (sm@ d9)+VS(9)S 0, (11.89)
with the potentials given by
K? —2is(r — MK
Vr(r) = ( ZS(AT ) + diswr — a*w? + 2amw — A) ) (11.90)
m? 2ms cos
Vs(0) = (a2w2 cos’ 0 — —5— — 2awscosf — ———— — s cot’ 0 + s + A> , (11.91)
sin“ sin“

where K = (r? + a?)w — am and A is the separation constant [128], found as the eigenvalue
problem relative to Eq. (10.89). For non-rotating BH (a = 0), the angular Teukolsky equation
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admits as solution spin-weighted spherical harmonics, Yz, = sSen(0) ™7, and A = (£ + 1) —
s(s + 1). For rotating BH, the solution of the angular equation are “spin-weighted spheroidal
harmonics”, and the separation constant A are known perturbatively for aw < 1, and are given
by A =(({+1)—s(s+1)—2aws*m/({*+)+O(a*w?) [128]. Because the solutions of the angular
problem are known, we treat the radial Eq. (10.88). This can be turned into a 1 dimensional
Helmholtz equation, similar to Eq. (10.3), by making the variable redefinition

R(r) = A~"T R(r). (11.92)
In terms of R, Eq. (10.88) becomes
R - -
d—j+w2 1—4U;m(w,r)] R=0, (11.93)

with
(1+s)(a*>— M?*+ (M —r)?s)  Vg(r)
A? A
Note that to write the equation above we collected out a factor of w?, hence we have implicitly
assumed w # 0. From the expression in Eq. (10.94) we can already point out one interesting
new feature of lensing by BH, compared to a Newtonian lens: differently from the potential
V(r), ﬁ;m(w, r) depends also on the frequency w, and not simply on the radial direction. This
important difference is introduced both by near-horizon effects, or by the rotation of the BH
or by the spin of the perturbation, phenomena that were neglected in the previous discussion
but were already predicted in literature [90, 89, 129]. Writing the Teukolsky equation as in
Eq. (10.93), allows us to apply immediately all the tools developed in the previous Sections
also in this context, and find a solution of the BH perturbation equation in the worldline
representation. In particular, the Green function of Eq. (10.93) will be written as

4205 (w,r) = w? +

(11.94)

. 0 ' r(r'=7)=rf o, N2 e
Gu(rpir) = -~ [ drer Dr(r) &5 47 [3 (&) ~Vimton)] (11.95)
f w

(r'=0)=r;
with potential given by

Vi (w,r) =1— <_(1 *s)la _WJQWA; M =r)%s) ‘f;?) . (11.96)

With these two equations, we have successfully generalized the standard wave optics treatment
for scalar waves to a field with generic spin s, and without requiring the paraxial approximation,
nor the Newtonian expansion. Eq. (10.95) is valid for any frequency w and field spin |s| =
0,1/2,1,2, when the lens is a BH of the Kerr family also close to the horizon.

11.7.3 Weak field limit and spin effects

To compare the results of this Section with the previous ones, we take the weak field limit
(r > 2M) for non-rotating (e = 0) BH. This will allow us to understand the role of the spin,
which was not accounted for in the standard description of the diffraction integral. In the
Newtonian limit A ~ 72 and it can be showed that

M+€(€+1)+S(s+1) s
r w?r? wr

AUS (w,r) ~ —4 (11.97)

Therefore, the dynamics of the system is encapsulated in Eq. (10.93), equipped with the po-
tential given in Eq. (10.97). We compare this result against Eq. (10.3) with the gravitational
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potential of a point mass lens, namely U(r) = —M/r. In order, in Eq. (10.97) we recognize the
gravitational potential of the same lens (first term) and the angular momentum contributions.
The latter is explicitly present in Eq. (10.97) because we have performed a separation of vari-
ables and decomposed the field on a spherical harmonics basis. A similar term can be made
manifest also in Eq. (10.3) by performing the same manipulations. Furthermore the potential
above, contains two spin-dependent terms, absent in the previous description valid for scalar
waves. Among these two, we recognize in the first a contribution to the angular momentum,
building up to the total angular momentum J? = L? + S?. Even though the general theory
has these additional spin-dependent contributions, we claim that these two are negligible in the
high frequency limit. This is already evident from Eq. (10.97) since the spin dependent terms
are always suppressed by different powers of the frequency. Indeed, s is bounded to be smaller
than 2, while the angular momentum can take arbitrarily large numbers to keep (I + 1)/(w?r?)
potentially finite even in the w > 1 limit. Note that this behavior might change close to the
horizon. For a non-rotating BH, the potential (10.96) can be written as

Véin(‘”? T) =

AMr*(M —7r)  12is(r—3M) 1 [(I(I+1)(r* —2Mr)+ M(s* — 1)
(F_2Mr)? w (r—2MP o ( r2(r —2M)? ) /
(11.98)

where we organized the terms in powers of 1/w. Sufficiently far away from the horizon, where
Newtonian theory is valid, the spin-dependent contributions vanish in the limit w — co. How-
ever, the horizon corrections can boost the spin dependent terms (second and fourth). This fact
also tells us that neglecting spin effects in the diffraction integral, as described in Section 10.2,
is not an inconsistent assumption, since this relies on the eikonal and paraxial approximations
(which pose a lower bound on w) and it is derived in the weak field limit. We point out that
this fact has a clear interpretation in the context outlined in the previous Sections: in the
limit where a dispersion relation can be assigned to a wave, these can be described in terms
of effective particles propagating on geodesics of the background spacetime regardless of their
spin.

11.8 Conclusions

Gravitational lensing of gravitational waves is a rich field of research at the intersection
of astrophysics and cosmology. While geometric optics offers a powerful tool for analyzing
gravitational waves in the high frequency regime (A < Ry), recent years have seen a growing
interest in the opposite optical regime, the wave optics one. Its current description relies on
the diffraction integral, which we summarized in Section 10.2. While this derivation has the
advantage to make manifest the interpretation of the field in terms of the associated particle,
and smoothly transition to geometric optics in the high-frequency limit, it is largely based
on the paraxial and eikonal approximations, effectively posing a lower frequency limit on the
validity range of such a description. Moving beyond these approximations is crucial. It not
only deepens our theoretical understanding of the behavior of gravitational waves in curved
spacetimes, but it also becomes vital as efforts intensify to probe the Universe’s matter content
using low-frequency gravitational lensing.

In this work, we proposed a generalization of the diffraction integral based on the introduc-
tion of a fifth coordinate, called proper time (see Section 10.3). The introduction of this new
variable allows us to seamlessly transition from the standard Helmholtz equation for wave prop-
agation, to a Schrodinger-like one, without the need of any approximation. This procedure led
us directly to the Feynman-Fradkin exact representation of the Green function in Eq. (10.21) for
a scalar field propagating through a spacetime containing a gravitational lens in the Newtonian
regime. Just as in the diffraction integral, also in our formalism the wave’s frequency plays
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the role of 1/A, allowing us to set up the Hamilton analogy and compare wave effects to the
quantum ones. The worldline representation of the Green function, G,, (xf,%;,T), is once again
constructed out of particle-like path integrals over the paths, rather than one over different
field’s configurations, making possible a direct link to the laws of high-frequency optics, since
the proper time is removed upon integration at the end.

In Section 10.4, we investigated the high-frequency limit (w — 00) using three approaches.
First, we analyze the WKB form of the propagator through saddle point approximations
for both proper time and trajectories. This recovers the geometric optics (GO) ansatz in
Eq. (10.35). Next, aiming to obtain the diffraction integral and eliminate the proper time
integration while preserving the path integral over trajectories, we assume the ability to inter-
change the integration order within the Green’s function. This is an inexact procedure, but
established as a good approximation in the high-frequency regime [110, 60]. Following the order
swap, the proper time integral is evaluated in two ways. One way involves strictly fixing for the
proper time 7 at its classical configuration satisfying the equations of motion (10.27). The other
way implements a saddle point approximation that considers second-order deviations from the
classical value ~ (7 — 74)?. The first approach yields the diffraction integral, demonstrating
how our formalism encompasses the standard approach. The second approach leads to the
well-known Feynman-Garrod direct representation of the propagator.

After assessing the high-frequency behavior, we implemented a perturbative approach in
Section 10.5 with respect to the associated potential, considering the limit wa < 1. We
demonstrated how the expansion series can be organized in terms of waves propagating freely,
except for an always increasing number of scattering events. This is equivalent to organizing
the perturbation series such that terms are always of higher orders in the Born approximation.
In the ideal limit of n — oo, where n represents the perturbation order, the wave scatters with
every point of the gravitational potential. Consequently, there is no more free propagation
within the region where V' # 0. This observation suggests the possibility of an exact resum-
mation of the perturbation scheme. Indeed, it leads us to the Dyson equation for the wave’s
propagator, where the gravitational potential clearly plays the role of proper self-energy, as also
suggested by the Hamiltonian derivation of Section 10.3.2. Our path integral description also
allows for the introduction of a generating functional, Z, implemented through the introduction
of a current, Z, coupled to the path x(7’).

Subsequently, we explored two explicit applications of our formalism. Firstly,in
Section 10.6.1, we present explicit computations for the first-order Green function in the case
of a Coulomb potential, providing an estimate of the modifications to the free Green function,
or the distance to the source, induced by the presence of the lens in the aw < 1 limit. Our
results demonstrate the characteristic divergence in the forward limit of a long-range
interaction, alongside the expected attenuation of the effect as we focus in the diffractive limit
wMG — 0 or A > R, where \ represents the wavelength of the wave and R, denotes the
Schwarzschild radius of the lens. Then, in Section 10.6.2, we apply the formalism to the case
of a massive scalar field demonstrating that our method can be straightforwardly
implemented by performing a frequency redefinition.

In Section 10.7, we addressed another limitation of the diffraction integral: its neglect of
polarization effects, as it is valid only for scalar waves. Previous treatments of the diffractive
regime often assume the conservation of polarization associated with gravitational waves during
propagation, potentially overlooking valuable insights.

To explore polarization effects, we specialize the lens model to BHs with axisymmetry, and
consider a Kerr background. This choice streamlines the derivation, allowing us to leverage
results from the established field of BH perturbation theory. For perturbations of various spin
(s =0,1/2,1,2), the equations of motion on the Kerr background are well-known in the liter-
ature and are described by the Teukolsky equation, in terms of Newman-Penrose scalar. After



11.9 Free propagator computations 164

separating the radial and angular components, we reformulate the radial part of the Teukolsky
equation as a one-dimensional Helmholtz equation, with a potential dependent on frequency,
spin, and angular momentum. This formulation enables us to derive the Feynman-Fradkin
representation of the propagator for higher spin fields. The role of spin has then been inves-
tigated by specializing to the case of non-rotating BH by setting a = 0, obtaining two main
equations. One which identifies spin-dependent effects within the same regime of validity as
the initial Helmholtz equation evaluated for a spherically symmetric lens. Particularly, this
result shows that one of the two spin-dependent contributions, s(s + 1)/(w?r?), contributes to
the total angular momentum, with both contributions being suppressed by higher powers of
frequency. The other equation demonstrates that spin contributions can become significant
in the near-horizon region, where the largeness of w can be offset the vanishing denominators
proportional to r — 2M. However, the diffraction integral is valid only for Newtonian lenses,
thus it cannot account for near-horizon contributions. These results confirm that neglecting
polarization effects in the derivation of the diffraction integral aligns with the underlying as-
sumptions of the eikonal limit (with the frequency lower bound from Eq. (10.6)) and the weak
field o <« 1 approximation.

Applying our formalism to specific lensing scenario and assessing its potentiality into inves-
tigating the properties of the lenses, will be object of future works.

11.9 Free propagator computations

In this appendix we provide the explicit steps to compute the free propagator G (xy,x;)
following [51]. We start from its worldline representation, namely Eq. (10.54), where

T, 1 (dx(T) 2
= - —= . 11.
SO /(; dr 1 ( a7 ) ( 99)

The first step to perform the path integral, is to redefine the path and consider a perturbation
of it from the classical solution, i.e. we define x(7') = x4(7’) + q(7’). Since the total and the
classical paths satisfy the same boundary conditions, we have that q(7" = 7) = q(7/ = 0) = 0.
The classical trajectory x.(7) satisfies the Euler-Lagrange equation of motion, descending from
the free action Sy, namely X, = 0. This means

X=X

X, = const , — Xy = (11.100)

T

as the motion between x; and x; occurs in a time period of 7 at constant speed. This allows
us to write the free action as

_ |Xf _Xi|2 /T /q2
So = T + ; dr Z (11.101)

We evaluate the path integral of Eq. (10.54) as
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Finally, the propagator is obtained by performing the proper time integral
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so that, in real time, we have

1 [ dwe @tlx=xil) 1 ot — |xp —xi)
GO (x;. x,. 1) = __/_— N I % 11.104
(s, %3,1) dr ) 27 |xp — x4 82 |xp—x| ( )

displaying the correct behavior (up to a normalization factor). To obtain the momentum space
Green function, we perform the 3D Fourier transform

1 iw|Xffxi|fip-(Xffxi)
G (p) = CAr d |Xf — x| -

2m +oo zwx IPTLL

_ 11.105
- _w2 ( )

11.10 Coulomb potential computations

An interesting example!!!

In this Appendix we provide the explicit computations of Section 10.6.1. In particular, we
illustrate the derivation of Eqs. (10.74) and (10.75). First we point out that the integral in
Eq. (10.72) can be easily performed using (see [103])

T gt b e
/dfe—wz,/%mew. (11.106)
o [r(T—71) Vab

Then we show the derivation of Eq. (10.74), namely the worldline form of the first order
propagator. As explained in the main text, we consider a scattering situation in which the
wave’s source and observer are located very far away form the lens. In practice, this means
considering the approximation in Eq. (10.73) for |xo — x*| and |x* — xg| and approximate
the result of Eq. (10.72) considering the lowest order in r*/rg and r*/ro in the multiplicative
parenthesis, while retaining the first order correction in the phase of the exponential. Therefore,
we consider the approximation of Eq. (10.72)

/ dr’ GL(UO) (xp0, X", 7 — T’)V(X*)éi}o) (x*,xg,7') =
0

5/2 1 1 o
S

where we have introduced the vector R = (rg 4+ 70)(0s — 8p). Now we compute the integral
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over the interaction point x* as prescribed in Eq. (10.60). The steps to obtain Eq. (10.74) are
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where p* is the cosine of the angle between R and x*. We use this result to perform the integral
over the proper time and obtain the first order propagator. That is, we explicitly show the
integration that leads to Eq. (10.75), where we have considered a long range interaction and
send a — co. These are
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(11.109)

W To s

Note that, in order to perform the integral, we regularized it by analytically continuing w in
the complex plane, with the prescription w — w + i€, and the then took the limit ¢ — 0.
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